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ABSTRACT. Let p > 5 be a prime. Motivated by the known formulae

(DR (' _ac
2ky ~ __C(g) and Z ACES T

k=1

(where G = 332 (—1)%/(2k + 1)? is the Catalan constant), we show that

(pfl)/Q (_1)k

>

k=1 k3 (Qkk)
p—1 (2k)2

= —2Bp_3 (mod p),

7 2 3
— = ——p“By_ d
> @t gk = qP Brs (medp?)

k=(p+1)/2
and
(p—3)/2 (2k)2 5
k =—2¢p(2) —pqp(2)® + —=p°Bp—3 (mod p?),

= (2k+1)16* 12

where Bo, B, Ba, ... are Bernoulli numbers and ¢,(2) is the Fermat quotient
2P~ —1)/p.

1. INTRODUCTION

Let p > 3 be a prime. In 2010 the author and R. Tauraso [ST] proved that

1(2)

1

3
I

P Bp_3 (mod pg),

>
Il
Nel ool
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where By, By, By, ... are Bernoulli numbers. Note that
2k (2k)! p+1
<k>: e =0 (mod p) fork:T,...,p—l.

The author [S1lc] managed to show that

8
Z % = (—1)(p+1)/2§pEp_3 (mod p?)

k=1
and
(p—1)/2 1 A
Z = (-1 V2_F 5 (mod p)
2k ( p—3 )
= G 3
where Ey, Eq, Es, ... are Euler numbers. It is interesting to compare the last

congruence with the known formula

2

—~ 1 ¢2
2@~ s

In 1979 Apéry (cf. [Ap] and [Po]) proved the irrationality of ((3) = > 7=, 1/n?
and his following series plays an important role in the proof.

— (—1)F 2
e ~ 5O

k=1

Motivated by this, Tauraso [T1] showed that if p > 5 is a prime then

p—1 k
-1 2 H,_
(3 2>k =-: E L (mod p?)
= 00 P
and )
p— k
(=) /2k\ 4 H,,
L2 k = g . (IIlOd p3)7
k=1 p

where Hy, = 3 ;< 1/k (n = 0,1,2,...) are harmonic numbers. It is well
known (cf. [G1] or [Su, Theorem 5.1(a)]) that

2

H, = —%Bp_g (mod p®)  for any prime p > 3.

k
Actually Tauraso obtained Zz;i (_klz) (2:) mod p* for each prime p > 5 via

putting n = p in the following identity

i (2k) =
4 4 4 4 2
— k) 4n* + k ey an* + 3 on
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conjectured by J. M. Borwein and D. M. Bradley [BB| and proved by G.

Almkvist and A. Granville [AG].
Let p > 3 be a prime. The author [S1lc| proved that

(—1)(3’_1)/2 —szp_g (mod p3).

Via Mathematica we find that

0o (2k\2

8G
> —atog2 -2
k=1

where G is the Catalan constant given by
oo
(_

G:=)_ =0
T — (2k + 1)2

Now we state our first theorem.

Theorem 1.1. Let p > 5 be a prime. Then

(p—1)/2 (_1)k
Z e (2k) = —2B,_3 (mod p), (1.1)
k=1 k
(p—l)/2 k
—1 2k 56
Z ( k2) (k) EBpo—S (mOd p2>, (1 2)
k=1
Z klifjk =—2Hp-1)/2 — 52923;)_3 (mod p?), (1.3)
k=1
- 2 (p=1)/2
I 16+
2 ]E?l;gk = Z 2k 2 = _14Bp—3 (mOd p) (14)
P hmory 2 = k()

Remark 1.1. Both (1.1) and (1.2) were conjectured in [S1lc, Conjecture 1.1].
The reader may consult [S10] and [S11a] for Zi;é (Qkk) /m* modulo powers of
p, where p is an odd prime and m is an integer not divisible by p.
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Motivated by the formulae

(%) (2kk) 00 2k) ﬂ_g
kZ:O(2k+1)16k_ kz 2k +1)2(—16)F 10’

the author [S11b] showed that

(r—3)/2 (2k) p—1 (2k) »
k — 2 k — 2
g = 0 (mod p°) and E = - FE,_3 (modp~)
k k p ’
24 (2k+1)16 oo R DI6E 3

and conjectured that

(p—3)/2 (Qk:) H
k _ tp-1 3
= d
kZ:O R DIT0f = 5p  (med?)

(which was recently confirmed by Tauraso [T3]) and

G om
k — 2
2 _1e\k — P38 (modp),
h=(pr1)/2 (2k +1)2(—16) 4

where p is any prime greater than 5.
Theorem 1.1 has the following consequence.

Corollary 1.1. Let p > 5 be a prime. Then

-1 3)/2
1 :DZ (2kk) o (pz)/ (—16)* _ By (mod p)
2(_16)k 2K\ —
pk:( +1)/2 (2k +1)%(-16) k=0 (2k+1)3(k) 4
(1.5)
Since
n 2k 2 2 n 2k 2n\4
(%) _ 2n+1(2n (1—4k) (2" >
D 2k —1)16F 167 (n and D ok 1yi256k = (S tantl) o
k=0 k=0
by induction, we find that
) 2k 2 2k 4
L = _—2 and Z )( ) — _i
£ 2k —1)16F 7 1)%256F 72

by Stirling’s formula n! ~ v/27mn(n/e)™. (The latter was first obtained by J. W.
L. Glaisher [G2].) Via Mathematica (version 7) we find that

o 2

= — and = —((3) — Gm.
kZ:O 2]€+ 16k T kZO 2]{7—1—1 ( ) QC() T

Motivated by this we establish the following theorem.
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Theorem 1.2. Let p > 3 be a prime. Then

- 2 (p—3)/2
1 2= (29 16" 7
D S > =B o)
k=(p+1)/2 (2 +1)16 iz (2k+1)3(3) 4

(1.6)
and

(p—3)/2 (2k)2

5
k) = 94 (2) — 2)> + —=p’B,_ d p? 1.
;;) @ 1 I6F w(2) ~pap(2)° + 5P (mod p®),  (1.7)

where q,(2) denotes the Fermat quotient (2P~1 —1)/p.
Now we pose two conjectures for further research.

Conjecture 1.1. Let p > 5 be a prime. Then

p—1 2k
21
> Ec'{gk =5 ot (mod )
k=(p+1)/2
and
S E U I P
2 (2]€+1>3(2kk) 4 p2 400p p—5 p

Conjecture 1.2. For any odd prime p, we have

piw =—3H + 2528, 5 (mod p?)
64k (=172 4P - ’

(p—1)/2 (Qk) (4k)
Y. s == 8Hpon 2+ 2(-1)PTVEpE, 5 (mod p),

k=1
(p—1)/2 k
64 B
PO S0 82Es (mod p)
k=1
(p—1)/2 k
p Z 64 =16 ((—1)(P+1)/2qp(2)+pEp_3) (mod p2).
2 e e ()

In the next section we are going to show Theorems 1.1 and Corollary 1.1.
Theorem 1.2 will be proved in Section 3. Our proofs involve certain combina-
torial identities and harmonic numbers of higher orders given by

1
H™ = )" = (n=0,1,2,...).
0<k<n
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2. PROOF OF THEOREM 1.1

Lemma 2.1. Let p = 2n+ 1 be an odd prime. For any k =1,... ,p—1, we

have k<2kk) (229_—:)) = (—1)[2M/21=19)  (mod p?). @2.1)
and
(Z) <n Z k) = <(_2'“2>k (mod p*) (2.2)

Proof. (2.1) was formulated in [S11lc, Lemma 2.1]; see also [T1] for such a trick.
(2.2) is known and easy (see p.231 of [vH, §3.4]); in fact,

(e = ()22 = () = S s

We are done. [

Lemma 2.2. Let p > 3 be a prime. Then

wvpef P=1 Y\ _ pa P .
(-1) p—1)/2) = 4P 4 EBp_g (mod p*) (2.3)
and
— 2 2 2 3 7 3

Hp1)/2 = =24p(2) +pap(2)" =97 | 30p(2)" + 5 Bp-3 | (mod p°). (2.4)

Also,
7
H((j)—1)/2 = ngp_g (mod p?) and H((s)—n/z = —2B,_3 (mod p). (2.5)

Remark2.1. (2.3) and (2.4) are refinements of Morley’s congruence and Lehmer’s
congruence given by L. Carlitz [C] and Z. H. Sun [Su, Theorem 5.2(c)| respec-
tively. (2.5) follows from [Su, Corollary 5.2].

Lemma 2.3. Forn=1,2,3,... we have
—~  (=DF — (1) 3
— T — +2H®) (2.6)
n\ (n+k 2k n
SR TR
and

NE

£ (Z) <n Z k) (_kl)k (Hne = Hno) = 2 y (;)k (2:) +2H®. (2.7)
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Proof. (2.6) is due to Apéry [Ap] (see also [Po]). The author found (2.7) via the
math. software Sigma. (The reader may consult [OS, §5] for how to use Sigma
to produce combinatorial identities.) In fact, if we let s,, denotes the left-hand
side or the right-hand side of (2.7) then Sigma yields the recurrence relation

2n +1
n

(n+1)2(8p41 — Sn) :2—5(—1)”( ) (n=1,2,3,...).

So (2.7) can be proved by induction. [
Lemma 2.4. Let p > 3 be a prime. Then

p—1 (2k:)2
k _ 2
k216F — _211(17—1)/2 (mod p%)

k=1

and )
p—1 (2k) 4 9
k _ 3 (3)
k316 :_gH(p—l)/2 3H(p 1)/2 (mod p).

Remark 2.2. Lemma 2.4 is known, see [T2, Theorem 4.2] and its proof.
Lemma 2.5. We have the new identity
(2n)2 2n 1

2@+ k) +1)I6F 167 2= 2k + 1

(2.8)

Proof. Let u,, denote the left-hand side or the right-hand side of (2.8). Applying
the Zeilberger algorithm (cf. [PWZ]) via Mathematica (version 7), we find the
recurrence relation

(2n+1)%u, —4(n+1) Uy = —

8(4n3 + 8n% +5n + 1) <2n 2
n

=0,1,2,...).
(4n + 3)(4n + 5)16" ) (n=0,1,2,...)
So (2.7) holds by induction. [

Proof of Theorem 1.1. For convenience we set n = (p — 1)/2 and S =
S (=DF /(K3 (zkk)) Below we divide the proof into two parts.

(i) In light of Lemma 2.1,

-1k p-! 1)k no9(_1)p—k
P Z (k2) ( ) Z 2(p>k:)) 2%3(%)525 (mod p).

k=n+1 k=n (s a2 ko
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Hence (1.1) and (1.2) are equivalent since

=

—1 Nk
> ( ,:2) (2:) = —%po—s (mod p?) (2.9)
k=1

by [T1].
By [Sllc, (3.2)], for k =1,...,n we have

)T )~ B s

This, together with (2.7) and the known identity

B0

k=1

(cf. [Pr, §2.1]), yields that

n (%) P
k _
S0k 2, = ‘z(

k=1

Thus, in view of the first congruence in (2.5), we have

gi (—klz)’c (2:) +2H1(12)) (mod p?).

k=1

n o (2k\2 n .
o (=% 2k\ 7
Z ]({;l;gk +2H, = —gpz 12 (k:) - 6p2Bp_3 (mod p3). (2.10)
k=1 k=1

Therefore (1.2) and (1.3) are equivalent.
In light of Lemma 2.1,

IS Y) S 4 3 4
P k16 k=n+1 k316’“(2(p_k))2 k=1 (p—k)316p—k(2kk)2

n

k
E——Z 16 (mod p).

=k

=

With the helps of (2.2) and (2.5), we obtain from (2.6) the congruence

16k
Z 5 (2k)2 =55 —4B,_3 (mod p).
k=1 k

Therefore (1.1) and (1.4) are equivalent.
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Note that

p—1 2k)2 p

Z I;Gk 5—2(55 4B,_3) =——p Z ( )-i-szp_g (mod p%).
k=n+1 k=n+1

Combining this with (2.10) we get

5 (=DF 2K\ p
2. 1<(;1k6)k +2Hn = —2p 12 (k) — g Br-s (mod p?). (2.11)

So Tauraso’s result > ,_ ( ) /(k16k) = —2H,, (mod p?) in [T2] actually fol-
lows from his earlier result (2 9).

(ii) By the above, it suffices to show (1.3). Note that

2n p—
1 Hgn 1 1 Hp—l
— H — — _ — —
2k+1 T p1+p+zp+k 2
k=0 k=1
and
p—1 p=1 9 2 p=l,9 2
1 _ k*—kp+p _Zk —kp+0p B ) pH() +p2H(3)
- T 1313 - 13— p-l 1
k:1p+k k=1 k2 +p k=1 k
As

since H,—1 = —p?B,_3/3 (mod p?) and Hggz_)l = 2pB,_3/3 (mod p?) by Glaisher
[G1] (see also [Su, Theorem 5.1(a)]). In view of (2.3),

n 2 —
G _ @ 049 Bys/120)? _ (| P
16" 41 N 6 "7

3
=(1+pgy(2)% + 2B, 3 (mod p).

6



10 ZHI-WEI SUN
Therefore

(i?)zi 1 1_(2:)2<§: 1 1)+(2g)2/16n_1

2k+1 p 167

16” =0 =0 2]€+1 P p
7 1+ 2))2 4+ p3B,_3/6 — 1
E_Eszp—?)—i_( pqp( )) pp P 3/

=2qp(2) + pr(2>2 - p2Bp—3 (mod p?)

and hence (2.8) yields the congruence

n 2k 2
(kz) _ 2 2 3
27 =2¢p(2) +pqp(2)° —p"Bp—3 (mod p°). (2.12)
k P p p
— (2k +p)16
Note that
n 2k 2 n 2 2\ (2k\ 2
Z (%) _ (4k* = 2kp + p*) (3))
p (2k + p)16* — ((2k)3 + p3)16*
2 2 2
1 - (2kk) P~ (2:) P’ < (Qkk) 3
T2 La K16k ZZ 2igF T g 2w wigr med )
k=1 k=1 k=1
(2.13)

By Lemma 2.4 and (2.4)-(2.5),

n o (2k\2
Z ]§2k1)6k = —2(-2¢,(2)+p¢y(2)%)* = —8¢,(2)*+8pqp(2)* (mod p*) (2.14)
k=1

and

W~

no (2k\2
2 32 4

Z ]€(3k1)6k = —-(—2¢,(2))° - g(—QBp—s) = EQp(Q)?’ + 3Br-s (mod p).
=1

w

(2.15)
Combining (2.12)-(2.15) we obtain

n 2k 2
(k) _ 2 2 b
— k16k :2qp(2) +pQP(2) —-D Bp—3 + Z

(—8p(2)* + 8pgy(2)°)

N | —

2
p° (32 4
2 (Zar + 5B mod ),

In view of (2.4), this yields the desired (1.3).
The proof of Theorem 1.1 is now complete. [J



p-ADIC CONGRUENCES MOTIVATED BY SERIES 11

Proof of Corollary 1.1. Write p = 2n + 1. In view of Lemma 2.1,

— (2(p — k) +1)*(-16)P~*
_y ~2/(k (%) N (e
_; (2(k — 1) +1)2(—16)1-F — (2k+1)3 (%) (mod p)
Since
—-1/2\ _ (n n \ _ [—-1/2
< B ) = <k) = (n—k) = (n—k) (mod p) forall k=0,...,n,
we have
— (C16)F 4k
= @k +13() i k13 (7))
_n—l 4k: B n 4n—k:
=1 R 2 (2(n— k) +1)3(7}/?)
L 1 1 G ()R
R I P ey
B,_3

(mod p) (by (1.1)).
Therefore (1.5) holds. O

3. PROOF OF THEOREM 1.2

Lemma 3.1. For any positive integer n we have

n—1 2 n\2 n—1
(2k:k) — (271) Z ]' (3 1)
(n—k)16F — 42n—1 L2 9k 4 1 '
k=0 k=0
and
(=D M\ n+k\ 1 e ”z‘:l 1 (32)
= (2k+1)? \k k) (2n+1)2  2n+14=2k+1 '
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Proof. Let (z)o = 1 and (x)x = Hf é(:l)—l—j) for k¥ = 1,2,3,.... Then

(1/2)3/(1)3 = (%) /16% for k = 0,1,2,.... Thus (3.1) is just (21) of [Lu,
Ch.5.2] with x = 1/2 (see also [T2, Theorem 2.1)).

(3.2) is new and it can be proved via the Zeilberger algorithm (cf. [PWZ]).
It is easy to verify (3.2) for n = 1,2. Applying the Zeilberger algorithm via
Mathematica (version 7), we find that if a,, denotes the left-hand side or the
right-hand side of (3.2) then

(n+1)(2n 4 5)%ans2 = (2n +3)(4n? + 12n + Ta,11 — (n +2)(2n + 1)%a

for allm =1,2,3,.... So (3.2) follows by induction. [
Lemma 3.2. Let p > 3 be a prime. Then

(p—3)/2 (2k)2 4 B
_ k) = 3_D2p=3
D Ok 116k — 3P~ —g  (modp). (3:3)

k=0

Proof. Set n = (p—1)/2. For k =0,... ,n we clearly have

("7 )= () = ()= () - S man)
(1)

Thus
n— 2 n— n 2 n n 2
Zl ) Zl () _ (k)
s =

— (2k +1)316 Pt (2k +1)3 — (2( k)+1)

1 (3

=— - (mod p)
8 — k316

Combining this with (2.15) we obtain the desired (3.3). O
Lemma 3.3. Let p > 3 be a prime. Then

(p—3)/2 2K\ 2
3 (%)
(2k + 1)216*

k=0

2P~ 2B,y (modp?).  (34)

= —2qp(2)2 + 3 5

Proof. Write p = 2n + 1. By (3.2) we have

3 2k:+1 ()(nzk) :1_<;12)n(2£)+z%(ﬂp_1_%)

k=0
L () ()~ pH 2

M
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In light of Lemma 2.2,

1— (—1)" (2:) —pH, =1 — (1 +pgy(2))? — f—ZBp_g

T 2ay(2) — Pap(2)% + (3qp<2> B, )

3 12
B, _3

= 220,27+ 5* (7 + 757 ) (mod 1)

3
So, with the help of (2.2), we get
2k)

(2k + 1) (2k + 1)216%

M |

2 B, s\ 2
= —2qp(2)2 +p (gqp(2)3 + 172 ) + EHp_l (mOd p2),

which gives (3.4) since H,_1/p = —pB,_3/3 (mod p?). O

Proof of Theorem 1.2. For convenience we set n = (p —1)/2.
We first prove (1.6). By Lemma 2.1,

1 p—1 (2k)2 n ((2(19 k))/p)
P’ _Z+ (2k:f1)16k :;(2@ k) + 1)167—F

n k—1 n—1
_x~ (C2/(R(3)))%16 :_Z 16" (mod p).

— 1 -2k ‘(2 +1)3 (2k:)2

Note also that

)3

= (2k+1)3

1
Z — k) +1)3(1)°
16’“

1 k? (215)

p'% l

=R () 8

Thus, with the help (1.4) we get (1.6). (In the case p =5, (1.6) can be verified
directly.)

Since (21;1)2 = 4%" (mod p?) by (2.3), we have

Mw

(mod p).

ool — O

R‘

n
k

H,

2n\2 n—1
1
(o) _ (H - 7) = 4PH, 21+ pgy(2))*H,

2n—1
4 P 2k +1

4
= 30" Bps = 2(1+ 2p¢p(2) + P74 (2)*) H
4
=i0,(2) + 0927 +5° (5,2 - 52 (mod )
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with the help of (2.4). Note also that

= (2k)2 - n—1 (2k:)2
2 “ (n —kk)16k - I;) (p— (2kk+ 1))16~

O 0P pCh+ 1) + (2h+ 1)
(p® — (2k + 1)3)16F

k=0
(3 " = 3
= F kzzo (2k + 1)516F _pkzzo (2k + 1)216F kzzo Ok + nigr med 2.

Combining these with (3.1), (3.3) and (3.4) we finally obtain the desired (1.7). O

REFERENCES

[AG] G. Almkvist and A. Granville, Borwein and Bradley’s Apéry-like formulae for {(4n+
3), Experiment. Math. 8 (1999), 197-203.

[Ap] R. Apéry, Irrationalité de ((2) et ((3). Journees arithmétiques de Luminy, Astérisque
61 (1979), 11-13.

[BB] J. M. Borwein and D. M. Bradley, Empirically determined Apéry-like formulae for
¢(4n + 3), Experiment. Math. 6 (1997), 181-194.

[C] L. Carlitz, A theorem of Glaisher, Canad. J. Math. 5 (1953), 306-316.

[G1] J. W. L. Glaisher, On the residues of the sums of products of the first p—1 numbers,
and their powers, to modulus p? or p3, Quart. J. Pure Appl. Math. 31 (1900),
321-353.

[G2] J. W. L. Glaisher, On series for 1/m and 1/m2?, Quart. J. Pure Appl. Math. 37
(1905), 173-198.

[L] E. Lehmer, On congruences involving Bernoulli numbers and the quotients of Fermat
and Wilson, Ann. of Math. 39 (1938), 350—-360.
[Lu] Y. L. Luke, Mathematical Functions and Their Approximations, Academic Press,

New York, 1975.

[Mo]  F. Morley, Note on the congruence 24" = (—1)"(2n)!/(n!)2, where 2n+1 is a prime,
Ann. Math. 9 (1895), 168-170.

[OS] R. Osburn and C. Schneider, Gaussian hypergeometric series and supercongruences,
Math. Comp. 78 (2009), 275-292.

[PWZ] M. Petkovsek, H. S. Wilf and D. Zeilberger, A = B, A K Peters, Wellesley, 1996.

[Po] A. van der Poorten, A proof that Euler missed. .. Apéry’s proof of the irrationality
of ¢(3), Math. Intelligencer 1 (1978/79), 195-203.

[Pr] H. Prodinger, Human proofs of identities by Osburn and Schneider, Integers 8
(2008), #A10, 8pp (electronic).

[Su] Z. H. Sun, Congruences concerning Bernoulli numbers and Bernoulli polynomials,
Discrete Appl. Math. 105 (2000), 193—223.

[S10] Z. W. Sun, Binomial coefficients, Catalan numbers and Lucas quotients, Sci. China

Math. 53 (2010), 2473-2488. http://arxiv.org/abs/0909.5644.

[Slla] Z. W. Sun, p-adic valuations of some sums of multinomial coefficients, Acta Arith.
148 (2011), 63-76.

[S11b] Z. W. Sun, On congruences related to central binomial coefficients, J. Number The-
ory 131 (2011), 2219-2238.

[S1lc] Z. W. Sun, Super congruences and FEuler numbers, Sci. China Math. 54 (2011),
2509-2535.



http://arxiv.org/abs/0909.5648

p-ADIC CONGRUENCES MOTIVATED BY SERIES 15

Z. W. Sun and R. Tauraso, New congruences for central binomial coefficients, Adv.
in Appl. Math. 45 (2010), 125-148.

R. Tauraso, More congruences for central binomial coefficients, J. Number Theory
130 (2010), 2639-2649.

R. Tauraso, Supercongruences for a truncated hypergeometric series, .
http://arxiv.org/abs/1007.3859.

R. Tauraso, More congruences from Apéry-like formulae, preprint
http://arxiv.org/abs/1110.4013.

L. van Hamme, Some conjectures concerning partial sums of generalized hypergeo-
metric series, in: p-adic Functional Analysis (Nijmegen, 1996), pp. 223-236, Lecture
Notes in Pure and Appl. Math., Vol. 192, Dekker, 1997.



http://arxiv.org/abs/1007.3852
http://arxiv.org/abs/1007.3852
http://arxiv.org/abs/1110.4013
http://arxiv.org/abs/1110.4013

