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ABSTRACT. Let ¢ > 1 and m > 0 be relatively prime integers. We find an
explicit period v, (g) such that for any integers n > 0 and r we have

P+Mﬂ®

| @=["] (@ (moda)

whenever a is an integer with ged(1 — (—a)™,q) =1, or a = —1 (mod q),
or a =1 (mod q) and 2 | m, where [:L]m(a) = > k=r (mod m) (7)a”. This
is a further extension of a congruence of Glaisher.

1. INTRODUCTION AND MAIN RESULTS

Let N={0,1,2,...} and ZT = {1,2,3,...}. Following [S95, S02], for
m [ZI", n [(Nland r [Zlwe set

mm: > (Z) =X C,...,n}: |X| =7 (mod m)} (1.1)

r
0<k<n
k=r (mod m)

(b= 2 e= (=[5

k=r (mod m)

and
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Such sums occur in several topics of number theory or combinatorics. (See,
e.g., [SS, H, GS, S02].)

Let p be an odd prime. In 1899 J. W. L. Glaisher obtained the following
congruence:

-1
[n +f } = [ﬂ (mod p) for any n 71" and r
p—1 p—1

Since an odd integer is not divisible by p — 1, this implies Hermite’s result
that [7] o1 =1 (mod p) for n =1,3,5,... (cf. L. E. Dickson [D, p.271)).
A sophisticated proof of Glaisher’s congruence can be found in A. Granville
[G97]; the first author observed in 2004 that Glaisher’s congruence can be
proved immediately by induction on n.

Before stating our further extension of Glaisher’s result, let us introduce

some notations.
Let m [ZI", n [(Nland r We set

e 2 O e o

0<k<n
k=r (mod m)

Obviously mm(l) = [”]m, and

T

It is easy to see that

[njl]m(a) - mm(a)”{rﬁl]m(a)- (1.3)

Let a,b [CZand q,m,n [ZI". Clearly

(r+a)"=2"+b mod (¢,z™ —1)

El:%: 3 (Z) 25" * =5 mod (g, 2™ — 1)

—1
r=0 0<k<n

k=r (mod m)
mmul (Z) "k =

{b(modq) if r =0,
0 (modgq) if0O<r<m

0<k<n
k=r (mod m)
Z (n)ak _ { b (mod q) ifTET.L (mod m),
k 0 (mod ¢q) otherwise.

1<k<n
k=r (mod m)
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(See also [GO05].) Now that the congruence condition (z + a)” = z™ +
a mod (n,x™—1) plays a central role in the polynomial time primality test
given by Agrawal, Kayal and Saxena [AKS], it is interesting to investigate
periodicity of mm(a) mod ¢ (where r [Z)) with respect to n.

Let ¢ > 1 and m > 0 be integers with ged(q, m) = 1, where ged(q, m) de-
notes the greatest common divisor of ¢ and m. Write ¢ in the factorization

form HZ:I p%s where pq,...,p; are distinct primes and oy, ..., CZ".
We define

V(@) = lem[p{* ~ (p7* = 1), pf T R — 1), (1.4)
where lem[nq, ..., n:] represents the least common multiple of those ny, [

Z* with 1 < s < t, and each 3, is the order of p, modulo m (i.e., B,
is the smallest positive integer with p%s = 1 (mod m)). Clearly v1(q) =
lem[p(p]™), ..., p(p;")] divides ¢(q), where ¢ is Euler’s totient function.
Since ¢(p%s) | vm(q) for each s = 1,... ,t,if a is relatively prime to
¢, then by Euler’s theorem a*™(@) =1 (mod p®s) and therefore avm(a) =

1 (mod ¢). Note also that v,—1(p®) = p(p®) for any prime p and o [ZI.
Now we present our first theorem.

Theorem 1.1. Let ¢ > 1 and m > 0 be integers with ged(q,m) = 1. Let
T ZF be a multiple of v (q), and let | [N, n CZI" and r Then

i(_”k(n) [kﬂ qm - { 2(1=27)"/m (mod ") if2{m,

k r d1.0(—1)"/m (mod ¢™) if 2| m, (15)

k=0

where the Kronecker symbol 69 takes 1 or 0 according as | =0 or not.

Actually Theorem 1.1 is implied by the following more general result
whose proof will be given in Section 2.

Theorem 1.2. Let g > 1 be an integer relatively prime to both m LZT
and Z?L:_Ol(—a)j where a 4. Let | and r CA. If n, T CA" and
VUm(q) | T, then we have

S (D[] @= U 1m0 mod o). 10

k=0

Now we explain why Theorem 1.1 follows from Theorem 1.2. In the
case 2 { m, since Z;-n:_ol(—l)j = 1 we have (1.5) by applying Theorem 1.2
with a = 1. In the case 2 | m, (1.5) also holds because

(_W[kTHL _ (—1)T{kT+l}m(1) _ {kTH}m(_l)

r T T
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and therefore

e ([,

with the help of Theorem 1.2 in the case a = —1.

Corollary 1.3. Let ¢ > 1 and m > 0 be integers with gcd(q, m) = 1. And
let ]| [N, n [ZIF and r CZ1

(i) Let a be any integer with ged(q, Zm 1( a)’) =1. Then

[Z i imw)}m(a) B me = { (i((;nidnqlo/)?;z (mod ¢/q0). 7

where qq is the largest divisor of q relatively prime to a+ 1. Moreover, for
each k=1,2,3,... we have

e e

<

= (CL + ]‘)l vm(q) —
= a+1) 1) (mod ¢").
(1.8)
(i) Suppose that m is even. For any k LZI" we have
. ni LSO
-
= TN Todm (g
_ s (=DM k-1 n
= 01,0 - "1 (mod ¢").
In particular,
—1\r—1
{l * Vm(q>:| - [l] = 5l,0( D (mod q). (1.10)
r o m

Proof. (i) Suppose that p®[gl(i.e., p® | ¢ but p®*! } ¢) where p is a prime
and a AT, If p | a+ 1, then p®|(a + 1)@ since v, (¢) = p*~ ! > o
if pfa+1, then (a + 1)*™@ =1 (mod p®) as ¢(p®) | vm(q). Therefore
(1.7) follows from (1.6) in the case n = 1 and T" = v,,(¢). Note that
(a+ 1) =0 (mod q/qo) if [ is sufficiently large.
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Let k [ZI". By Lemma 2.1 of [Su],

n—1 . 7 .

e ) (o 5 (£ Qe
L ) 2 W)

for any sequence ag, ai,... of complex numbers. Applying this we imme-
diately obtain (1.8) by noting that

T G P ————

=0

in view of (1.6).
(ii) Applying (1.8) with a = —1, we find that

T R o

3=0

is congruent to 8§, gm™? don<ji<k (?) (—1)7 modulo ¢". Observe that

> (M) -3 (7w =02 o)

(L= (E2) e == (52)):

As 2 | m, we also have

{jvm(g) +l}m<_1) — (1) {J”’m(g) ”L for j =0,1,2,....

So (1.9) follows. In the case k = n = 1, (1.9) yields (1.10). We are
done. [J

Remark 1.1. Let ¢ > 1 and m > 0 be relatively prime integers. Let a
be an integer such that ged(l — (—a)™,q) = 1, or a = —1 (mod gq), or
a =1 (mod ¢) and 2 | m. By Corollary 1.3(i), we have the following
extension of Glaisher’s periodic result:

{n + z;m(q)}m(a) _ mm(a) (mod q) for any n [ZI" and r CZL (1.11)

T

(Note that mm(—a) = (—1)" mm(a) if 2 | m.)
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Corollary 1.4. Let ¢ > 1 be an integer relatively prime to m [CZI". And
let k CZIT, 1 and r Then

{kl/m(q) + z]m ~ k[”m(q> + z}m S E=1) Hm

T T T
{ d1,0(=1)"(k —1)/m (mod ¢?) if 2| m,
2l (2kvm(a) — 1 — k(2vm(@) — 1)) /m (mod ¢?) if 21 m.

(1.12)

Proof. In the case 2 | m, we get the desired congruence by applying (1.9)
with n = 2. When 2t m, putting a = 1 in (1.8) we obtain

N SRR

r r r
2! k o2
_2 (;) (2m(®) — 1) — E(Qkum(fﬁ — 1= k(2@ = 1)) (mod ¢?).
2<y<k

This completes the proof. [

Remark 1.2. Let p be an odd prime. Let & CZI" and r [0, 1,...,p—2}.
As vp—1(p) = p—1, by Corollary 1.4 we have

[k(p— 1)} = klp— 1L_1 e H i 1L (nod p2).

r T r p—1

AsO<r<p—1land 1/(p—1)=—p—1 (mod p?), this turns out to be

T r

l’f(p - UL_l = k<p - 1) — (=1)"(k=1)(p+1) + .0 (mod p?). (1.13)

In the case r = 0, this solves a problem proposed by V. Dimitrov [Di].

a—1

Let p be any odd prime and let a,n CZIT. As v, (p*) = p* —p*~ 1,
by Remark 1.1 we have

r

pn
,

_ pa—ln N
= (mod p®) for any r (1.14)
p—1 p—1

In 1953, by using some deep properties of Bernoulli numbers, L. Carlitz
[C] extended Hermite’s congruence in the following way:

p+p—1 > <pa;1n) =0 (mod p%).

O<k:<pa_1n
p—1lk
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When p — 1| n, this follows from (1.10), for, vp—1(p®) divides p®~'n and
hence

a—1
p*in _ O] 1 1
= ——— =1——— (mod p“).
|: 0 :|p—1 |:O p—1 p_l p_l( )

Let ¢ > 1 and m > 0 be integers with ged(q,m) = 1. Let a be an
integer with ged(1 — (—a)™,q) =1, or a = —1 (mod q), or a =1 (mod q)
and 2 | m. What is the smallest positive integer p,,(a,q) such that

{n * tm(@ q>] (= m () (mod g (1.15)

holds for all n [ZI" and r CZI Clearly p,,(0,q) = 1, and p(a, ¢)|vm(q)
by (1.11). (If gm(a,q) 1 vm(q), then the least positive residue of v,,(q)
mod i, (a, q) would be a period smaller than p,,(a,q).)

Conjecture 1.5. Let ¢ > 1 and m > 0 be integers with gcd(q,m) = 1 and
q 8 0 (mod 3). Then v,,(q) is the mazimal value of pm(a, q), where a is an
integer with ged(1 — (—a)™,q) =1, or a = —1 (mod ¢), or a =1 (mod q)
and 2 | m.

Now we give an example to illustrate our conjecture.
Ezample 1.1. (i) Since the order of 3 modulo 7 is 6, we have v7(9) =
3(3% — 1) = 2184. For any given a [Z] clearly
1—(—a)" =1+a*a*a=14+0a®>=1+a (mod 3)

since a® = a (mod 3), thus ged(1 — (—a)”,9) = 1 if and only if a &
2 (mod 3). Through computation we obtain that

pr(—1,9) = 1092, 4i7(1,9) = ur(—2,9) = pr(4,9) = 546, pur(3,9) = 3.

(ii) The order of 5 modulo 7 is 6, thus v7(5) = 55 — 1 = 15624. For
any given a [, clearly 1 — (—a)” = 1 + a®a® = 1 + @® (mod 5), thus
511 —(—a)” if and only if & —1 (mod 5). By computation we find that

p7(1,5) = 868, pr(—1,5) = 1736, pu7(2,5) = 2232, uz(—2,5) = 15624.

(iii) Clearly v5(11) = 112 — 1 = 120. By computation, ug(%1,11) = 60
and pg(a,11) = 120 for any integer a & 0,%1 (mod 11). Note that 4(a* +
a?+1) = (2a>+1)2 +3 £ 0 (mod 11) since —3 is a quadratic non-residue
modulo 11. Thus, if a & +1 (mod 11) then 1—(—a)® = (1—a?)(a*+a?+1)
is relatively prime to 11.
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2. PROOF OF THEOREM 1.2

In this section we work with congruences in the ring of algebraic inte-
gers. The reader may consult [IR, pp.66-69] for the basic knowledge of
algebraic integers.

Lemma 2.1. Leta and m LZI", and let ¢ > 1 be an integer relatively
prime to mZ;.n:_Ol(—a)j. If C B 1 is an m-th root of unity, then we have
the congruence

(14 a¢)"™@ =1 (mod q) (2.1)

in the ring of algebraic integers.

Proof. Let p be any prime divisor of ¢, and let 3 be the order of p modulo
m. Below we use induction to show that

(14 a0)P" "D =1 (mod p*) (2.2)

for every a =1,2,3,....
Since p | (¥) for k=1,...,p—1 and a” = a (mod p) by Fermat’s little
theorem, we have

p—1
(L+aQ) = 1+a"¢"+ ,;1 (Z) (aQ)" =1+ ac” (mod p),

hence , ,
(1+aQ) = (1+ag?)? = 1+a¢” (mod p)

and so on. Thus
(1+ a()pG =1+ anB =1+ a¢ (mod p).
(Recall that p” = 1 (mod m) and ("™ = 1.) Clearly

1+a627rij/m i
H —e2mij/m H (z = e72mm)

0<j<m 0<j<m

and so z = 14a( divides ¢ = Z;.n:_ol (—a)’ in the ring of algebraic integers.

Therefore . ¢ s e
czP Tl= 24P = Z2 = ¢ (mod p)
z z
and hence zP° 71 = 1 (mod p) since p 1 ¢. This proves (2.2) in the case

a=1.
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Now let @ A" and suppose that (2.2) holds. Then A Gt
1 + p®w for some algebraic integer w. It follows that

AOPD (1 g pr =14 G)P“w =1 (mod p**!).

This concludes the induction step.

For any ¢1, ¢2 with ged(qr,q2) = 1, there are x1, x4 such that
q1x1 + qexo = 1, If an algebraic integer w is divisible by both ¢; and ¢,
then w = ¢ (wx1) + g2(wxs) is divisible by g1¢2 in the ring of algebraic
integers. Therefore (2.1) is valid in view of what we have proved. [

Remark 2.1. Write an integer ¢ > 1 in the form pi* - - - p"t, where p1, ... ,p;
are distinct primes and «y,...,a; [AT. Let m be a positive integer

dividing ps — 1 for all s = 1,...,t. And let g be an integer with g =

gff(pss)/m (mod p%s) for s =1,...,t, where g5 is a primitive root modulo

ps. Clearly ¢™ = 1 (mod ¢). Suppose that j A" and j < m. Then
ps—11 jo(p¥s)/m and hence g/ € 1 (mod ps). Therefore ged(g’—1, q) = 1.
If po | 14 ag?, then —a = g™ 8 1 (mod p,) but (a+ 1) X7 (—a)! =
1—(—a)"=1—g™™ )™ =0 (mod p,). Thus, if gcd(zzgl(—a)i, q) =1,
then ged(1 + ag?, q) = 1, and hence

(14 ag’)"™@ =1 (mod q) (2.3)

which is an analogue of (2.1).
Proof of Theorem 1.2. Set ( = ¢2™/™_ For any h [Z1 we clearly have

mz_:leh_{m if m | h,
: 1o

otherwise.
Jj=0

Ifn then

o] @-E (e E e

k=0 j=0

m—1 n m—1
M IR SRR
j=0 k=0 7=0

Now let T' [ZI" be a multiple of v,,(q), and fix a positive integer n. By



10 ZHI-WEI SUN AND ROBERTO TAURASO

the above,

mz”: 1) <Z> lkT: z}m "

k=0
m—1 n
=3 ()t ey
j=0 k=0 k
m—1
=Y A +ad) (1= (1+ac?)T)"
=0

=(1+a)(1—-(1+a)")" (mod ¢")

where we have applied Lemma 2.1. This concludes our proof. [

Remark 2.2. Let a,r and m [A*", and let ¢ > 1 be an integer
relatively prime to Z;n:_ol(—a)j. Suppose that m | p — 1 for any prime
divisor p of ¢q. Obviously ged(m, q) = 1. Choose g as in Remark 2.1.
Then g™ = 1 (mod ¢), and for each 0 < j < m we have ged(g? —1,q) = 1
as well as (2.3). By modifying the proof of Theorem 1.2 slightly, we find
that

of].e

for every n [N, where a; = 1+ ag’ (0 < j < m) are relatively prime to
q- lf ¢l a+1 or ged(a + 1,q) = 1, then the function f :Z*T - Z given by
f(n) = mm(a) is g-normal in the sense that

m—1
g7 (14 ag)" = (a+1)" + Z g_jra? (mod q)
J= 0<j<m

f(n)= Z cjj" (mod q) for all n CZI", (2.4)

1<j<q
ged(4,9)=1

where ¢; (1 <j < ¢ and ged(j,¢) = 1) are suitable integers. The concept
of g-normal function was first introduced by Sun [S03] where the reader
can find some ¢g-normal functions involving Bernoulli polynomials.
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