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ABSTRACT

The hardest step to solve Hilbert™s tenth problem is to prove that the exponential rela-
tion is Dhophantine, In the study of decision problems concerning the solvability of Diophan-
tine equations with few unknowns, reducing unknowns in Diophantine representations plays
an important role. In this paper, we give Diophantine representations of C = ¢ z(4,1) (where

Go(As1) =05 ,(A451) =1y 4 (Asl) = AL p(A51)~p (A1) and W = VBEA A, 5 d; €[N
S| T AR>0 with only 3 and 5 natural number unknowns respectively, C ==¢iz(A4,1) (mx the

condition 1<1Bi<£§i~-— 1) and W == V5 ANA presdy €

ASIT with 4 and 6 integer unknowns

respectively,

Keywords: Hilbert’s tenth problem, Diophantine representation, Lucas seguenece,
exponential relation, combination of relations,

1. IntropUCTION

Hilbert’s tenth problem asks an algorithm to test polynomial Diophantine equa-
tions (with integer coefficients) for solvability in integers. By Lazrange’s theorem,
this 1s equivalent to the question whether there is an algorithm to test polynomial
Diophantine equations for solvability in natural numbeérs. In 1961, M. Davis, H.
Putnam and J. Robinson' proved that any r.e. (recursively enumerable) set W is
exponential Diophantine, i.e. W can be represented in the form

xEW >Txyy 32, EN(P(,210% 02 3X,42%1y+++,2%8) == 0), |

where P is a polynomial (with integer coefficients) and N denotes the set of natu-
ral numbers (nonnegative integers). For this reason, to find a Diophantine function
with exponential growth becomes the key to solving Hilbert’s tenth problem. In
1970, Ju. V. Matijasevid™® successfully showed that y = F,, is Diophantine where
{F,} is the well-known Fibonacci sequence (Fy=0, F,=1, F,.,=F, + F,_,).
Since then, instead of F,,, ¢ 4(n) has been widely used. Here ¢ (n) denotes the
nth y-solution (in order of the size of y = 0) of the Pell equation

X — (A4 — DY =1 (4 >0),

* Project supported by the National Natural Science Foundation of China.
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As a matter of fact, both {F,,},en and {¢4(n)},cx are Lucas sequences of a special
kind. |

Definition. Let A and B be integers. {¢,}({$,(A4,B)}) and {X,}({X,(4,B)})
given by

bo=0, o1 =1, dppu=AP,— B,y (n=1,2,--+)
and f
Xo=12, Xy=Ay Xppy=AX, — BX,_y (n=1,2,+++)
are called the Lucas sequences. |

By induction on #, one can easily prove X,(A4,B) = 2¢,4,(A,B) — AY,(4,B),
F,,= ¢,(3,1) and ¢ ,(n) = ¢,(24,1),

If we take into account the number of unknowns, then it is natural to ask that
for what # there does not exist an algorithm to test (polynomial) Diophantine equa-
tions with # unknowns for solvability in integers (resp. natural numbers). After
more than ten vears’ hard work, it is shown that we can take #=27 (resp. n=9).
(cf. [3] and [4]). These are the best results at present. Here we claim that we
can take z# == 11 in the case of integer unknowns. The purpose of this paper 1s to
provide a basis for the claim. In fact from [3] and this paper, we already see that
n can be taken less than 27.

In the process of reducing unknowns, the key point is to reduce unknowns in
Diophantine representations of functions with exponential growth, and to give a Dio-
phantine representation of the conjunction of some relations with unknowns as few
as possible. In this paper, we obtain the results mentioned in the abstract, and
discuss the upper and lower bounds of solutions. In the case of natural number
unknowns, our results are stronger than the known ones; in the case of integer
unknowns, our results are much better than those obtained by the usual method
(using 7 = 0<=>3uTp3w(4n -+ 1| = o ~+ v + w?) (cf. [4] and [5])).

Throughout this paper, polynomial refers to polynomial with integer coeffi-
cients, Z(resp. N) denotes the set of integers (resp. natural numbers), Latin letters
represent integers, bounded variables are written in lower case, [] stands for the
set of squares, and (4,B) denotes the greatest common divisor of 4 and B.

I, Some LemMmas on Lucas SeEQurNCES

The general form of second-order (linear) recurrences is

Tp== Chy Ty== Cyy Tor1 == ATy~ BTy Cﬂ’ == 1,2+ "')n

One can easily prove 7, = Cyb,+:.(A4,B) + (C,—AC)¢,(A4,B), and this shows that
the Lucas sequence {¢,} is fundamental. Here are some examples of Lucas sequences:

0 if 2in, 0 if 24n,
b,(0,1) = 24 | X 0,1) = n
(1) LA 2, 2(—1)% if 2in,



No, 3 ; REDUCTION OF UNKNOWNS 259

2 if n=0 (mod 6),

1 if n=1,5 (mod 6),
—1 if n=2,4 (mod 6),
—2 if n==3 (mod 6).

1 if n= 1,2 (mod 6),

$,(1,1)= 0 if 3i#, % (1,1) =
1—1 if n= 4,5 (mod 6),

('[)'#('2?1> i ﬁ! zﬂ(zil) = 2':
In the following lemmas, ¢, and X, are short for ¢,(A,B) and X,(A4,B) respec-
tively.
Lemma 1. () (e —B)¢,=a"— 8", X,=a"+ " (n=0), where

A++/A*— 4B A —+/A*— 4B
o == 5 — and f= 5 -

are the two roots of the equation 6 — A0 -+ B = 0,
(ﬁ) Zi - (‘d2 _ 43)9{’5& - 45’;& Qbfﬁ-l T Ad’n*%ld’n: -+ B{;’i il 3 (# = Q)*
The proof is simple. (Note that X, = 2,4y — A, )

. e e _
Lemma 2. ¢4, = >, (i ) (Prsr— Aby)* " Pidrri (kynyr €N),
| i=g

Proof. First we show it in the case n =1 (by induction on %), then we pro-
ceed by induction on 7 wusing k(n+ 1) +r=kn+(k+r), (A+7r)+i=%k+

+1y
(r + 1) 311(1(??‘ )=<?f>+(*ﬁ ); (i =1),
) 1 /- {§ - 1 |

Lemma 3. Let (A,B) = 1. Then (Pmydn) = |Dimm|(m,n€ L),

Proof. By part (ii) of Lemma 1, (J,415P,) | B*. Since ¢n4y = 4" (mod B),
we have (Qbﬂ*i*}.!’:pﬂ) == ] ﬁ,ﬁd hence (‘-bkﬂ‘w!‘yb#) = (I((p#*{*l - Agﬁﬁ)&ﬁbr?(pﬁ> == ((br#cf)ﬂ)*
From this, we can easily prove (Jps¢,) = |Pmay| by Euclid’s algorithm.

Lemma 4. Suppose A= A*— 4B =0, For {{,l,en to be Hﬁﬁﬁfﬁ*?‘faé‘fﬁg& it
is necessary and sufficient that A is not less than 1. If A =21 then $p4y = o, <>
A=1An>0A(n—1)B = 0. Hence {J,},en s strictly increasing if and only if
A4 =2, |

Proof. Use ¢,y —ead,= 8" 11 B >0,

Lemma 5. Suppose A= A4*— 4B >0. For {X,},en to be "nondecreasing, it
is necessary and sufficient that A is not less than 2. If A =2, ‘then X 4y = X, <>
A=2An(B —1)Y=0. Thaus {X,},en is strictly increasing if and only if A = 3.

Proof. By Lemma 1 (ii) and Lemma 4.

Lemma 6. Let M == 0. Then (B,M) =1 if and only if for some positive
integer 1, ¢p2=10 (mod M) and ¢y, =1 (mod M),

Proof. For the “if” part, observe that
by — APy, + Bi= B* (mod M),
As to the “only if” part, we suppose (B,M) =1, For [ € Z, we use { to denote the
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residue of £ modulo [M|. Since
{Pisdin): i =0,1,--- M }C{{s,2): s,2=0,1--,| M| — 1},

there exist 7,7 with 0 << i < j<C M? such that {$;,d;41) = {Fjsdiss). Let i be the

smallest positive integer j such that {J;,d;+1) = {PjsPjsy for some i<<j (i =0).
Then 4 is not more than M? and the corresponding 7 equals 0. (If i > 0, then

(B;_1»Bd;) = <5¢’£ — Gy By = (A, — ¢;:1s*3¢1> == <.B¢Pz_z¢B$:>

and hence {¢;_;s &;) = {fi_1» P2y (since (B,M) = 1), which. contradicts the mini-
mality of 1,)

Lerama 7. Suppose A5 0,(4,B) =1 and A= A*— 4B >0. Then $i|d, if
and only if kgilm (kym€N) unless |A| =1, (k—2)B =0 and kim,

Proof. We have ¢y, = n¢diiidy (mod ¢}) and |¢,| = |¢,(|4],B)|=¢,(|4],
B). If |A| =1A(k—2)B=0Ak}m does not hold, then $;|¢, implies &|m.
Lemma 8. Ler A>B>0. Then (A — B < ¢, < A*(neN),

Proof. Since A2 B~+12>22 x/?, by Lemma 4 we have

(A= B)Poirs < Ppiys = AP i1 — B, < A4y,
Lemma 9. Suppose A>2. Then

Vi=(A— DX +AINXZ20AY 20T eN(X = ¢, (4, DAY = X,(A4,1)),
X —AXY + Y =1IAY 2 X>20<=InecN(X = ¢, (A, DAY = ¢,.,(4,1)).
Proof. “ffsz”; By Lemmas 1,4,5.

“=>7. First we prove the following for X > 0 (by induction): .
Y= (4 — DX+ 4\Y 2 0=>3ne N(X = ¢,(4, 1)/\YW}C(A 1), (%)
It is obvious if X == 0 (since 0 = ¢,(A4,1), 2 =X, (A,1)),

Let X >> 0 and assume that (% ) holds for smaller X. Suppose Y = 0 satisfies
Y?= (A" — 4)X*~+ 4. Obviously Y = 4X (mod 2), £2X* > Y?, AY*> (A4 — 4)3}{2,
| — e (AP
hence both X = 4X > X and Y = AY (2"4 4)X~WZXHAX are namml Num-

bers. Clearly X << X (since Y*> (A4 —2XY), (LA — DX +4—Y"?= (A4 —
4)X*+ 4 —Y* =0, By the inductive hypothesis, for some n€N we have X =
$, (A,1) and Y =X, (A4,1), therefore

¥ F 1
X = é-m (AX +Y) = — (b, (4,1) + 2,(4,1)) = §,1a(4, 1),

Y =A4X — BX? = f{dx’#*‘?i("’é?}') o z‘:pﬂ(AS"l) = 2(;”:!4*2("4!1> o ﬁ‘:ﬁg#%};(ﬁﬁ l)
= Xﬂ%‘*i(‘é?i)t

By the above, (% ) holds for all X > 0. This proves the first “ =" part.
Now suppose X* — AXY 4+ Y*=1and Y =2 X >0. Clearly 4Y > AX > 2X,
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(AY — 2X) = (A* — 4)Y* + 4, thus there exists a £ €N such that
{a}f = 2X = X3 (A,1) = 234, (A4,1) — AP (4,1),

Y == '@’i(dil)z
1.8,
{X s A’l’k(-drl) - 4’&%1<A&1)$
Y = Qﬁ'%(‘{iﬁi)i |

Since X =0, we have £>0. Let n=%k — 1, then X=¢,(4,1)and Y = ¢ _..(4,
1). This concludes the proof. |

Remark 1. Let B ¢ 0,1 then B” varies with #. For a fixed n€N, provided
that 4* — 4B € N\|], the equation y* — (A4?* — 4B)a* = 4B* has infinitely many so-
lutions (including x = ¢,(A4,B)), y=X,(4,B)), however, it is very difficult for
us to give the general solution explicitly.

We point out that, in some special cases (e.g. the case 2|AANA>0AB=1),
Lemmas 1—9 have been investigated more or less (see [6] and [7]).

11, Mamw Rgesurrs

By Lemma 9 and Remark 1, the Lucas sequences {¢,(A4, 1)},5, are of great
importance in Diophantine representations. In such case B=1, we can extend

{d,t,en (resp. {X.,?}#gﬁ) t0 {Lptnez (resp. {X,}tsez) by the same recursion formula.
If A0, ¢p= P(A4,1) and X; = X;(A,1) (K€ Z) can also be determined as fol-

Jows:

Pp_y=1, = 1, Gt T Py = A, (ﬂ?wg&ﬁl,iz;*");
Xﬂ;w},’jmﬂ, Kopey 1 Xty = AX (mmarilyizﬂ”)ﬁ

By induction, for #€ N one has ¢_, (A, 1) = —¢, (4, 1) = (—1)"¢ ,(—4,1) and

Xmﬂ(:é?i) = Xﬂ(fi!I) == ('_1)#935;:(“331)} SO ig‘m(IA“l) - ¢’m(4’§r1) Or (bmm(ﬁﬁl)ﬁ* |
From this and Lemma 9, we obtain (A*— 4)X*+ 4e[J<=>am(X = ¢,(4, 1)),

In the special case B = 1, we also have
Lemma 10. Suppose |A| > 2, n >3 and 2|X,(A,1). Then

X#CA x 1,,2
2

Proof. By induction on &, we can easily prove &4 (A4, 1) = ¢, (4, 1)X:(4,
1) + ¢ (A4,1) (k€ N). Hence for any » we have

Ppi(As1) = ¢, ,(4,1), Drp+{ A1) = ¢p_(A4,1) = —¢,(4,1),
&4#-%#(15}1} == Wfbiﬁ'ﬂ*(*‘{&i) = (br(ﬁ!}) (Iﬂf}d X#(AH‘}'))*F

$(A4,1)= ¢, (A4, i)(mﬂd )@s = s(mod 4n) Vs -+ t = 2n(mod 4n),

Therefore ¢4,.4,(A4,1) = ¢, (4, 1)(3{{1{:& Xﬁ(x‘i’ D), and the integers (A4, 1),

bbb ETTTTEEYY oy ‘ g L

1) ¢m—A51) = (= 1)"g . 4s1) = (1) (451,
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Py (A, 1), yihy,1(A, 1) are congruent to the following numbers (madule X"(‘{E* 12)

respectively:

0yps(Ar 1)y vy aa(A 31Dy (A3 1)y us( A1)y ey di(A4,1),

0y = (A, 1)y vy —doy( A1), —d,(4,1), =&, (4,1, -, — (4, 1),
Since |X,(A,1)| = 1,1 4],1)], {¢:(4,1),—d:(4, 1D} = {0:;(|4], 1), —: (4],

1)}, it suffices to prove, in the case 4 = |A| > 2, that the numbers 0, ¢y, —dy,

oy —P a9 *9Pyy—, have distinct residues modulo %ﬁ, where ¢; = ;(A,1) and

xf = X-i'(A‘J }‘ji

The residues of O, P,y s, mod ? are distinct because

0 < <<+ < Py,

and

X, > (A“““/Az“‘”“) ( ‘/Az”4) — A — 4 P, > «/Sgb#}ch:m

2
If 1<<s,t<n, then gir,*?qb;";é{}(mt}d 2) for

A+ A —4 (ﬁmv 4*-*:%)#“1 A+ AL
2 | i

*i’# = Tq 2 | {16#”1 + ‘i’#mi
3 + «/ 5
= 9 T Pty
< X
0 << gy 4 ‘5’5’3 o

2@#%3“‘% ) M‘i’# " *WM _ »
3+,\/ 3~+—~/s NE
Jet 1<<r<n Since 0 < ¢, ¢, < 2, < X,, we have

Py, - b, = i}(mﬂd ‘%»)z—# dr, <p,,ﬁ;%£*

If 1<<r <n—2, then c,{i,,-l-'cﬂ,.-,#-{}(mﬁd 2) because

3+ «/5 b > (? +;/m;>* (3 + ‘/?y‘ b

(.bﬂ :‘% ————

344/ 5\ /s X,
(b#+d’r fpu"l[“(!’n“g“i:(l“}‘(wmf ) ){l’n%md’ﬂ{:?;

By the above, we need only to prove (a) clzf}-—qéﬂ#f; (b) &, + P, 5 % and
X

<€‘) {!}# + (ﬁﬁmﬁ # “f;

Since [(20 — AP = ¢p2 = pi= A*> 4, (a) holds, for we have 4 5= (20—
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AN P2 = (44,) — (L* — 4)P? and thus X, 5% 4¢,. If (b) fails, then X, = 2¢,+
(A, — X)), (A + 22 = 4(A4* — 4)p2 + 16 and hence (34 — 10)(A =+ 2)¢Pi -+
16 == 0 which is impossible. Suppose (c) does not hold, then (A?¢, ) = (A4 1)
o« ((A* — 4) P2 + 4) (because X, = 24P, = A(AP, — X,)), and so

(2A+ DA+ DA—3)— D2+ 4(4+ 1) =0,
which is not true since ¢, > @3 = A*— 1 > 8 (no matter whether A=3 or 4 > 3).

The proof of Lemma 10 is now finished.

 Lemma 11. K> 0AME D\{'Q} <3z > 0((z — KM )* = K’M). Furthermore
z can be required to sarisfy KM << z << ZKM.

Proof. Suppose z > 0 satisfies (z — KM )* = K*M. Clearly K= 0, M = 0, K|z

and MM(MEMHM) €[]. If K<O0, then M= (—1— MP>M'>M.

Take 2 = K(m*~+m) if K>0 and M = m? (m > 0).

Now we are ready to present
Theorem Y. Ler A2 2 and B = 0. Then

C = bz(A,1)<>C >=BA3x> 03y >0 (DFIe[])
«>3x,y,2 > 0((x — DFI(C — B + 1))?
= DFI(C — B + 1)),

where D= (A4*— 4)C*+ 4, E=C*Dx, F=4(A*—4)E*+1, G=1-+ CDF —
2(A +2Y(A—2)YE*, H=C + BF + (2y — 1)CF and 1 = (G*— 1)H*+ 1. When

B # 0, for any N >0 we may require x,y,2 to satisfy |
N < 2o < AWNEDL N <y << (2CDF)BYCNETL N <l 2 < 2CDFI and N*<< DFI.
Praﬁﬁi‘* a) Suppose x % 0 and y satisfy DFI€[]. Since |4| > 2, we have
" D>4>0, F>0,G50 (since G=1 (mod D)), I >0; F=G=1=1 (mod
DY, (D,F)= (D, I)wi H=C,2G= A, 4 = ((2GY — 4)H* + 4 = (A*—4)C?
+4=D (mod F), (41,F)=(D,F)=1. Thus D, F, I are pairwise relatively

prime, and hence D,F,I €[] follow from DFI €[] -

Since (A*— 4)C*+ 4, (A2 — )(AE) + 4, ((2G)* — 4)H* + 4 €[], there are
integers m,s,t satisfying C = ¢,(4,1), 4E = ¢,(4,1) and H = tﬁz(ZG 1).

Assume C == 0. Let n= |m/| then n > 3, for
4E| = 4CD|zx| =D > A — 4+ 4> £ — 1 = |py(A4,1)]
> | $(4,1)] > [d:(4,1)] > 0.
Clearly 4F = (A2 — $)¢2(4, 1)+ 4 = (42— $)Pp2(A4, 1)+ 4=X(4, 1), so
21 (A,1). By 2G= A4, H = C (mod F) and Lemma 10, we have

p(A,1)= $,2G,1) = c[J;(A, 1) (mf}d £y (i 1)*), s=1t or —t (mod 2»).

E S oy NS AN M el

1) To prove Theorem 2 similarly and conveniently, we proceed first on looser conditions (e.g.
|A>2).
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Since C*E, &%,(A4,1)|¢,(A4,1). Applying Lemma 7, we get (A, 1)|{n and

hence s=17 or — ¢ (mod 2¢,(A4,1)). Because F =1, 2G =2, H= B (mod- 2C),
we have

B=¢,(2G,1)=¢,(2,1)=2=750r —s (mod 2¢,(A4,1)).
If |B| << |C|, then |s] !B, for
|s| %= |B]| =2 0< |Bxs| < |B| + |s] <2]|¢,(4,1)].

By the above, if C =B (=0) and DFI €[] for some x,y >0, then C ==
$5(A,1). (When C=0, C=B=0= ¢5(A4,1); when C=0, C >0 and 0 < s
— B, (Note that 4 >2, B>=10,))

b) Suppose C = Pz(A4,1) == 0. S-ince |A| > 2, D>0. Let N> 0, by Lemma
6 there is an # for which 0 <7 <X (4NC?D)* and ¢, (A4, 1) = ¢py(A4, 1) =0 (mod

4NC*D). Take x = (p’;%jfigl), then N|x and x 3= 0 (since [P, (A4,1)]| = ¢ (|4],

1)=2>0). Let

o
E — CDx = .;z:,,(f, D), FP=4(4— DE +1 = "ﬂ(“:ﬂ L)

and
G=1+4+ CDF — 2(A4+ 2)(4 — 2)*E™

By Lemma 6, there exists a positive integer 2 << F? such that ¢,(4, 1) =0,
i (A,1) = _1 (mod F), thus for any 7,7/, we have

1 =71 (mod 1) = ¢;,(A4,1) = ¢i(A4,1) (mod F).

Put A=AN if 2> F or 2= ANF if Ao<<F, Let 1= B -+ 24C and H= §;(2G, 1).
Since 2G= A (mod F), G=1 (mod C) and F=1 (mod 2C), we have

' H= ¢i(4,1)= ¢p(4,1)=C=C+ (B— C)F (mod F),

H= $i(2,1)=717=B=C + (B— C)F (mod 2C),

J 2CF|H — (C + (B — C)F).

Take y— H=C—=(B=C)F
2CF

1)H*+ 1, we then have

D=(AZ"'—4)9!)%(14!1)"—4':%5(14!1)! F=(Xﬂ<142, 1)>2’

= ( ((2G)* — 4)¢§(HZG:~ L)+ 4) N (%(26’”)2 ’

» then H=C + BF + (2y — 1)CF. Let I = (G*—

4 Z

and therefore DFI €| |,

Since 4>2and B>=>0, C= ¢5(A,1)>B. If B=20, let x=1y=N then

DFI =4 X1 X 1= 2% Now assume B % 0, clearly € = B > 0. Choose x and ¥y as’
the above, then DFI € { 1. Obviously

0 << N< << P,(A4,1) << AP < QN D1
Clearly E+ 0, F>1, 1< G<CDF, 1<1<F?, NF<I1<NF), H>]> B+
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s

2(NF + 1)C, y%ﬂ—zggéﬂﬂ- 1, so we have

<Ny H= gﬁ;(ZG,I) < (26" < (2C DF)BHXNF 1
Since A>2, 2G>=2, B> 0 and 1220, we also have

X3(A31) . Xn(fza 1) . Xf(zgﬁl) %XQ(A,I) . Xn(fial) . xﬂ(Z?rlz — xﬂ(ﬁil)

><A+»\/AZ+71>" (_Am N A — 4),,____ A — 4p, (A1)
2 o 2

= ¢,(4,1) = x> N,
=

hence DFI = N* > 0. By Lemma 11, there is a positive integer z which satisties

(z— DFI(C — B+ 1)Y==DFI(C — B+ 1)?
and |
M < DFI(C — B+ 1)< z2<2DFI(C — B + 1) < 2CDFI,

Combining a) and b) and applying Lemma 11, we see that Theorem 1 1s proved.

Remark 2. Let A > 2 and B == 0. Matijasevié once tried to give a Dicphantine
representation of C = ¢z(A4,1), but his method was much more complicated and
involved a lot of unknowns. In the case that A4 is even, Matijasevié and Robinson'™
proved theoretically that there is a Diophantine representation of C | $p(A,1) with
three natural number unknowns. Qur Theorem 1 gives an explicit Diophantine
representation of C = ¢$3(A,1) (A need not be even) with only three positive inte-
ger unknowns. (For natural number unknowns, we may replace x,y,2 by z-+ 1,
y + 1, z -+ 1 respectively.) Furthermore, Theorem 1 indicates that there is a Kal-
mar elementary function ¢ such that whenever B = 0 for any N >0 we may

require N << x,y,2 << ¢(4,B,C,N),
For convenience, D,F,I mentioned below are expressed as in Theorem 1,
Lemma 12. (i) If K+ 0, then K|LAM € [1<=>32((Kz + L)’ = K’M);
(i) X 5= 0<=>3u30(X = (2u— 1)(3v — 1)),

Proof. (i) is obvious. For (ii), one may consult [4].

Theorem 2. Suppose 1 < |B| < i‘j[ — 1. Then

C = ¢p(4,1)e=>A4—2|C— BAIx = 023y(DFIe ),
<>3u,0,y,2(((4— 2)z+ C— B)Y=(4— 2))DF'I'),
where F' and I’ are obiained from F and I by substituting (2u — D3y — 1) for =,

Proof. By Lemma 2, it suffices to prove the first necessity and sufficiency.

“= 7. Let Cmcﬁg(d,l), then € = ¢5(2,1)=B (mod A—2). Since 1 < |B|<
|A| —2<|A4— 2|, C is nonzero. Choose x and y as in part b) of the proof of
Theorem 1, then x50 and DFI €[],

“ & ”. Suppose 4 — 2|C — B and DF] € [Jfor some x5 0 and y. By part a)
of the proof of Theorem 1, there exists an ¢ such that C == ¢, (A4, 1). Clearly
we have |
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0<|B|—1<|B|<|B|+1<2|B|<d|—2<|4—2],
B=C= ¢,(2,1)=5 (mod 4—2), C#0, |s| >1, s —B,
B < [4] = |¢,4,1)]| < |94,1)]| = |C],

Again by part a) of the proof of Theorem 1, we get |s| = |B| and thus s= B,
C == (!JE(A,}.)‘ | _

"Remark 3. No one else has given a direct Diophantine representation of C =
pp(A,1) with integer unknowns. '

To cope with the exponential relé,tian, we need
Lemma 13. If B >0 then f

VB (A, 1) =14 V24 s oo + VXD (mod AV — V?— 1),
Proof. By induction on B,

Lemma 14. Ler B> 0 and |V| > 1. We have W = V& if there is an A sat-
isfying |A| = ma:&:{?“ﬂ, Wt and

(V2— DWW (A4, 1)) =V(W?*— 1) (mod 4V — V?— 1), (%)
Proof. Suppose |A4| =2 max{V*®, W*} and (x*) holds. By Lemma 13, we have
VE(W? — 1) = VE (V2 — D)W pp(A,1) = W(V?* — 1) (mod AV — V?— 1),
(VEW + 1X(W — V8 =0 (mod AV — V*— 1),
Since |A|* = |VI|B>2, 1+ |A4]* + |4]? < |4]7— 1< |4]%, we also have
((VEW + D)W — VB)| <2451+ [4]#+5) <2]4]5(]4]* — [4]#)
=2]A| = 2[4 < |[V]|d4]| =2V < |4V | — (V2 + 1)
< | AV — V*— 1],
and hence (VEW ~+ 1)(W — VB)=0. Obviously W =0, |[VEW | =22, so W = V&,
This concludes the proof,

Remark 4. The first result similar to Lemma 14 is obtained by Robinson and
Jones. (On the basis of an idea of J. Robinson, Jones" proved that for B,V ,W >

0, W = V? holds if and only if there exists an even A4 > max {2V, 2W?*} thh
satisfies (*x).)

Lemma 15. Le: MX >0 and O(x,y,m) = 4m(mx + 2)x°y* 4+ 1,
(1) If O(X,Y,M)Ye[ ] then Y=0 or |Y]| > | X]|XI;

(ii) for zm;é given N >0 there is a Y satisfying
Q(X Y M)é E}y Y == L(mi}d M) and N*ﬁiY (ZMX-I*Z)z{ I+ NIX I~ t

- Proof. i) Suppose Y % 0 satisfies Q(X, Y, M) €[], then for some n >0 we
have

2[XY | = ¢, (2MX + 2,1), 0= ¢,(2,1) = n (mod 2X), n>2|X|.
(Observe that ((ZMX + 2 — DQ|XY|)*+4¢[].) If |X| =1, then 2|Y| =
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$,(ZMX +2,1)>2; if |X| =2, then 2|XY| = QMX+ 1) '> QI XDH¥H =
21 X| - | X|'Xl. This gives |Y| > | X|¥!,

ii) Take Y = Pxx{2MX+2, 1)/(2X) where K satisfies M|K—L and N K<
N + | M| (Notice that ¢xx(ZMX + 2,1) = ,xx(2,1) = 2KX = 2LX (mod ZMX).)

Remark 5. Lemma 15 is analogous to the second lemma of exponential size®®.

Our polynomial Q 1s much simpler than the polynomial ¥ in [8],
Lemma 16. For §$ % 0, we have
Ay, A4, € ONS|ITAR > 0<>3n = 0(M( Ay, -+, 4, S,T,R,n) =0),

where

M&(AI!' o !Ak!S';TatR;ﬁ)
— (S + T* — (2R — 1S (T? + WhA/ A W® + - - 'i'\/ZW""))

& | | | |
(W denotes 1 —- Z A and the product extends over all combinations of sfgm_)

i=1

Furthermore, we can require n 1o satisfy
Wi<n<<(ZR—1)(T*+ W'+ 4, + AW = «+» + A, W),

Proof. The first half 1s just the relation-combining theorem of [8], and ths sec-
ond half 1s obvious.

For the combination of some relations including the exponential relation, we have

Theorem 3. There exisis a pafynomial P, and a Kalmar elementary function
¢y such that whenever B >1, §# 0 and V| > 1, we have

W = VEN Ay, -~y Ay € IAS|TAR > 0<=>3n,w = 03x,y,2
= O(Pk(Au' * '!AiassTaRaW!VaB!”,W!-f!}’:z) = 0).

Gi:}iﬂg N >0, we may require further that
N<n,w,2,y,2< d5(Ais+=yAx, |SI,ITI,R,[WI,|V]|,B,N).
Proof. Let QO and M; be polynomials given by Lemmas 15 and 16. Put
Pk(Al,-r--,Ak-,S,T,R,W,V,B,n,w,x,y,z)
= My+(DFI,Q(X, A, M), Ay A, (AV — V2 — 1)S,U,R,n),

where X =2B+V*+W* M =8V}, A=V +zM, U=({(V?—1WC —V(Wi—
INS +(4V —V*—1)T, C = B + w.(For D,F,I, consult Theorem 1.) Below we
will show that P; has the desired property. (The existence of ¢; is implied by the
following proof,)

Suppose B> 1,85 0and |V| > 1. Since $ 5 0 and AV — V* = 25V* % 1, we
have (AV — V?*— 1)S £ 0 and (4AV — V?*—1,5) = 1. Hence

(AV — VP — 1D)S|U<>S|TAAV — V2 — 1| (V?— DWC — V(W*— 1),

Note that A== 0, B > 1. Applying part (i) of Lemma 15, we get
O(X, A,M)e 1= |4] > X* = max{V*, W},
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This, together with Lemma 16, Theorem 1 and Lemma 14, proves the “ <~ part.

Below we assume W=V2, 4,,---, 4,€ 1, S|T and R>0. Giving N>0, we
have K=V 4 (B 4+ N)8¥? > 0. By part (ii) of Lemma 15, there is an integer z
for which | '

0 X, AM)e[], K< A< (2MX + 2)¥M+KX-1

and
2< B4+ N<2< A< (MX + 2)*M+Bx1
Let w = ¢z(A,1) — B, then N<<w << A% (since B+ N<< A= ¢,(A4,1) < (A4,
1) << A®7'). By Theorem 1, DFI is square for some x,y > 0 satisfying
N<ax<< AV Ny << (2CDF)B+%NF~1 30nd N*<< DF1

(where C = B + w = $3(4,1) < A% ™Y). Since S|T and W = V3B, using Lemma 13
we get (AV — V2 — 1)S|U. By Lemma 16, there exists an # > 0 such that

My (DF1,0(X, A, M), Ay, Ay ,(AV — V?*— 1)$,U,R,n) = 0
and
NN DFI<W*r < n<< (2R — 1)(U* + Wt
+ DFI + Q(X, A, M)W + AW+ --- + A, WrH),

R
where W =1+ D*F*I*4 Q0¥ X, A,M) + Z Ai. This concludes the proof.
| i=1

Remark 6. It is known®® that there is a Diophantine representation of W = V2
(where B,V >1 and W > 0) with only 5 natural number unknowns, however the
two former methods cannot be used to prove Theorem 3. Namely, if we do not em-
ploy more unknowns, the method of [8] (respectively, the method of [9] pointed
out by Robinson) will not allow R>0 (resp., S{T) to be a term of the conjunction,
for we already have an inequality E, (resp., for if ¥V is odd and A is even, then
AV — V?*—1 is even and hence not relatively prime to even §),

Lemma 17. There exists a polynomial Hy suck that whenever S # 0 we have
Al!' . ’Ak & DASET'@EZ(H,E(AI,' . *,A&,S,T,z) = 0).

Proof. Let

Jk(Au' ’ '914&!:") — H(xli\/Zi\/ZWi“ 'i’\/zwkﬂ)
= X' 4+ C, X"V oot 4 C X+ Cp,

R
where W =1 + E: A? and the product is over all sets of signs. Put
i=1

Hy( Ay, 4,8, Ty2) = (Sz + TR+ C,8(Sz + T) 1+ - -
+ C,k_ S (82 + T) + C S,

Clearly all the rational zeros of J;(A,,---,4,,x) are integers, so when §# 0 we
have |

[8] |
Apyoee s Ay € UAS|IT <= 3x(J (A4, - -+ 5 Ay 2) = 0O)AS|T

@EZ(H&(AI, > ,.:4&,8,21,3) = 0)-
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Theorem 4. There is a polynormial Q; such thar whenever B >1, §5% 0
and V| > 1 we have

W =VEANA, -, A€ TINS|T
<=>ZIx =0 Tm,w,y,20(0,( 4, , 4,8, T, W, V,Bym,w,x,y,z) = 0)
S Amaw 0,0, Y, 200 ( Ay o=y A3 S, T, W,V ,B,myw,(2u — 1)
X(3p— 1),y,2) = 0),

(By letting Ay = «++ = Ay =8 =T =1, we obtain a Diophantine representation
of W == VB with only 6 integer unknowns.)

Proof. Let Q and H; be polynomials given by Lemmas 15 and 17. Put

Ox(Ayy o3 Ay, S, T, W, V,Bym,w,2,9,2) |
s HéM(DEI&Q(XﬁﬁarM)?AH*”'?AE?(AV — Vi—=1)s§,U,m),

where X, A M,D,F,I,U are mpréssad as in the proof of Theorem 3 except that
C = B+ w(A— 2). Since |A]| > X¥ implies | 4] > max{VE, W'} N2 < 2B < |4]|—
2, by Theorem 2 and Lemmas 12, 17, we can easily show the required property for

Qe

Remark 7. It is the first time to give directly a Diophantine representation of
the exponential relation with integer unknowns. By the usual method of [4], we
need at least 15 integer unknowns.

The author is indebied to Prof. Mok Skagk,f{wef for his gmidance.
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