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Abstract. Zero-sum problems in abelian groups and covers of the in-
tegers by residue classes, are two dilerknt active topics initiated by P.
Erdds more than 40 years ago and investigated by many researchers sep-
arately since then. In an earlier announcement [Electron. Res. An-
nounc. Amer. Math. Soc. 9(2003), 51-60], the author claimed some
surprising connections among these seemingly unrelated fascinating areas.
In this paper we establish further connections between zero-sum prob-
lems in abelian p-groups and covers of the integers. For example, we
extend the famous Erd6s-Ginzburg-Ziv theorem in the following way: If
{as(mod ns)}‘5<=l covers each integer either exactly 2q —1 times or exactly
2q times where q is a prime powerF;hen for any cq,.. K [CZVqZ there
exists an I L{,... ,k} such that  _J/ns=qand  ¢s=0. Our
main theorem in this paper unifies many results in the two realms and
also implies an extension of the Alon-Friedland-Kalai result on regular
subgraphs.

1. Introduction

Let G be an abelian group (written additively). By F(G) we mean
the set of all finite sequences of elements of G (with repetie'kn_nlallowed).
A sequence {c,}*_; [CH(G) (which is often written as by A.

Geroldinger and his followers) is called a zero-sum sequence if  __, ¢, = 0.
In 1961 Erdds, Ginzburg and Ziv [EGZ] established the following cele-
brated theorem which initiated the study of zero-sum sequences.
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Theorem 1.1 (EGZ Theorem). Let n 4" = {1,2,3,...}. For any
C1,---,Con—1 Ezlﬂe isan I [[1,2n—1] = {1,...,2n — 1} with
|[I| = nsuch that ¢, =0 (mod n). In other words, any sequence in
F(Z,) of length 2n—1 contains a zero-sum subsequence of length n, where
Z, = Z/nZ is the additive group of residue classes modulo n.

The EGZ theorem can be easily reduced to the case where n is a
prime (and hence Z, is a field), and then deduced from the well-known
Cauchy-Davenport theorem or the Chevalley-Warning theorem. (See, e.g.,
Nathanson [N, pp. 48-51], and Geroldinger and Halter-Koch [GH, p. 349].)
It remains valid if we replace the cyclic group Z,, by an arbitrary abelian
group of order n. (Cf. T. Tao and V. Vu [TV, pp. 350-351].)

Let G be a finite abelian group. When |G| > 1, there is a unique
sequence ds,...,d, of positive integers with d; > 1 and d; | d;+; for
1 < i <r such that G is isomorphic to the direct sum

Z,, [Z1, O3 [Z);

in this case, r is the rank rank(G) of G and d,. is the exponent exp(G) of
G, and we define

1
d"G) = (di—1).
=1
If |G| = 1, then rank(G) = exp(G) = 1 and we set d"&G) = 0. Clearly
d5G) +1 < |G|.

Let G be a finite abelian group written additively. By s(G) we denote
the smallest positive integer k such that any sequence in F(G) of length
k has a zero-sum subsequence of length exp(G). For any n 4™, we
have s(Z,) = 2n — 1 by the EGZ theorem, and s(Z,, [Z}) = 4n —3
by the Kemnitz conjecture proved by C. Reiher [Re] (see also [SC]), and
s(Z4 Z])) = 2(d+n)—3 by Theorem 5.8.3 of Geroldinger and Halter-Koch
[GH, p.362] where d is any positive divisor of n. The reader is referred
to the survey [GGO06], and the recent papers [E] and [EEGKR] for various
problems and results on s(G).

Let G be an abelian group of order n. For any {c;}7—; [CH(G), as the
following elements

0, ¢, C1+Cp, ..., CL+Co+---+C,

cannot be distinct by the pigeon-hole principle, we have %S = 0 for
some B 1 [I1,n]; furthermore, 4, has a zero-sum subsequence
{cs}srmwith B | [[A,n] and _]1/ord(c,) < 1, by a celebrated
theorem of Geroldinger [G93] (which was re-proved later by Elledge and
Hurlbert [EH] via graph pebbling). The Davenport constant D(G) of G is
defined as the smallest positive integer k such that any sequence {c,}*_; [1
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F (G) has a nonemepty zero-sum subsequence. (Note that we essentially
impose no restriction on the length of the required zero-sum subsequence.)
By the above, D(G) < n = |G|. In 1966 Davenport showed that if K is an
algebraic number field with ideal class group G, then D(G) is the maximal
number of prime ideals (counting multiplicity) in the decomposition of an
irreducible algebraic integer in K. The reader may consult Theorem 5.1.5
of [GH, pp. 305-306] for further results in this direction.

It is easy to see that D(Z,,) = n for any n [ZI". For an abelian p-group
G with p a prime, D(G) is greater than d<(G) by a constructive example;
on the other hand, in 1969 Olson [O] used the knowledge of group rings
to show that D(G) < d¥&G) + 1 (and hence D(G) = d"&G)+1). Olson’s
original method has been further refined and explored by many researchers,
see, e.0., [GGH].

Theorem 1.2 (Olson’s Theorem). Let p be a prime and let G be an ad-
ditive abelian p-group. Given c,cy, ..., Cyrgn+1 L@ we have

(=D"'=0 (mod p),
I () +1]
srrfs=¢

and in particular {cs}gff)“ has a honempty zero-sum subseguence.

Let q be a power of a prime p, and let ¢ [Z, and {c.}>4;" CH(Z,).

By Olson’s theorem in the case G = ZZ = Z, [Z}, we have
(—D)'=0 (mod p).
I OL}, Z3)+1]

qallIl,  ¢r¢gs=c

In other words,

—] 1
EI [T129—1]: |I| =q and Cs=¢C %E[[CZO]] (mod p),
s

where for a predicate P we let [P] be 1 or 0 according as P holds or not.
Thus, Olson’s theorem implies the EGZ theorem.

Let G be a finite abelian group-—Aqzero-sum sequence {c.}r_, is called
a minimal zero-sum sequence if ¢, =0 for no C& I [C[I]1k]. Though
we don’t study minimal zero-sum sequences in this paper, the reader is still
recommended to see [GG99], [GGS] and [LS] for some results on minimal
Zero-sum sequences.

Now we turn to covers of the integers by residue classes.

For a [Zand n Z" we call

aln)=a+nZ={a+nx: x [ Z}
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a residue class with modulus n. For a finite system
A = {a,(n)}i=s (12)
of residue classes, its covering function
wa(x) = {1 <s < k: x [@l(ng)}

is periodic modulo the least common multiple N4 = [ng,...,ng] of the
moduli ny, ..., ng. Sun [S97, S99] called m(A) = min, W4 (X) the cover-
ing multiplicity of (1.2). One can easily verify the following basic property:

1

n,

1 NA=T

— Wa(X) = m(A). (1.3)
_ Na _

s=1 =0

Further properties of the covering function w,4(x) can be found in [S03a,
S04]. -

If _,as(ng) = Z (i.e.,, m(A) > 1), then we call (1.2) a cover (or
covering system) of Z. This concept was first introduced by Erdds in the
early 1930’s (cf. [E50]), and many surprising applications have been found
(cf. [Cr], [Gra], [SO0] and [S01]). Erdds was very proud of this invention;
in [E97] he said: “Perhaps my favorite problem of all concerns covering
systems.”

For m ", if m(A) > m then A is said to be an m-cover of Z; general
m-covers were first studied by the author in [S95]. It is easy to construct an
m-cover of Z which cannot be split into two covers of Z (cf. [PS, Example
1.1]).

If wa(xX) = m for all x [, thelu_?ﬁe] call (1.2) an exact m-cover of
Z. (Note that in this case we have  _; 1/ny, = m by (1.3).) Clearly m
copies of 0(1) form a trivial exact m-cover of Z. Using a graph-theoretic
argument Zhang [Z91] proved that for each m = 2, 3, ... there are infinitely
many exact m-covers of Z which cannot split into an exact n-cover and an
exact (m — n)-cover with 0 < n < m; such an exact m-cover is said to be
irreducible. In 1973 Choi supplied the following example of an irreducible
exact 2-cover of Z:

{1(2);0(3); 2(6);0,4,6,8(10);1,2,4,7,10,13(15);5, 11, 12, 22, 23, 29(30) }.
Zhang [Z91] showed that the residue classes
1(2),0(6), 0(10), 0(14), 1(15), 1(15), 8(21), 8(21), 36(105), 36(105),

together with some residue classes modulo 210, form an irreducible exact
3-cover of Z. In 1992 Sun [S92] proved that if {a,(n,)}*_; forms an exact
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m-cover of Z th@nji each n=0,1,...,m there are at least %”:slubsets
I of [1,k] with ~ _ 1/n, =n.

There are many problems and results on covers of Z; the reader may
consult sections F13 and F14 of the book [Gu, pp.383-390], the survey
[P-S], and the recent papers [S05a] and [FFKPY].

Now we mention some properties of covers of Z related to Egyptian
fractions. The first nontrivial result of this nature is the following one
discovered by Zhang [Z89] with the help of the Riemann zeta function: If
{a,(n,)}+_, forms a cover of Z, then

~ [Z1 for some nonempty 1 1] k]. (1.4)
s ®

The following theorem contains two di Lerent extensions of Zhang’s result.

Theorem 1.3. Let {a,(n,)}*_; be an m-cover of Z, and let my, ..., m; 1
Z*.
D-(Sun [S95, S96]) There are at least m positive integers in the form
<ss/ng with 1 CIIK].
(i) (Pan and ISu_n—[PS]) For gy [I11 k] there are at least 2™ subsets
I of [1,k] with  _ m./n,— _m./n, CZ4

Note that a residue class a(n) = a+ nZ is a coset of the subgroup nZ
of the additive group Z. There are also some investigations on covers of a
general group by left cosets of subgroups, see, e.g., [S06] and the references
therein. Gao and Geroldinger [GGO03] reduced some zero-sum problems to
the study of covering a certain subset of an abelian group by few proper
cosets. However, in this paper we are only interested in covers of the
integers and their surprising connections with zero-sum problems.

The purpose of this paper is to show that some classical results of zero-
sum nature, such as the EGZ theorem and Olson’s theorem, are special
cases of our general results on covers of Z. The key point is to compare
Davenport constants of abelian p-groups with covering multiplicities of
covers of Z.

In Section 2 we state our main results connecting zero-sum problems
in abelian p-groups with covers of the integers. A more general theorem
will be presented in the third section, together with some consequences;
its proof will be given in Section 4.

2. Connections between Zero-sum sequences and Covers of Z

The following theorem reveals unexpected connections between zero-
sum sequences and covers of Z.

Theorem 2.1 (Main Theorem). Let G be an additive abelian p-group
where p is a prime. Suppose that A = {a,(n,)}*_, is a (d“&G) + p")-cover
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of Z with h N = {0,1,...}. Letcy,...,cp, Q3 and mq,...,m; A
Then

(|
| — 1 -

| C[MK]: c¢,=cand — Ca+phz He1 (2.1)
s s ®

for any ¢ [CQ and rational number a. In particular, {c,}*_, has a zero-
Sﬁubsequence {c:}srmwith B 1 [, k] satisfying the restriction

Lrms/ng CptZ.
Now we deduce various consequences from Theorem 2.1.

Corollary 2.1. Let A = {a,(n,)}*_; be a (d&G) + 1)-cover of Z where
G is an additive abelian p-group. Let my,...,m; [Z1 Then any sequence
{c.}, E@l has a zero-sum subsequence {Cs}srwith (& 1 [[1 K]
such that  _ m./n, A

Proof. Simply apply Theorem 2.1 with h=0. O

Remark 2.1. (a) For an abelian p-group G, if we apply Corollary 2.1 to
the trivial (d"(6) + 1)-cover consisting of d (&) + 1 copies of 0(1), we then
obtain Olson’s result D(G) < d5G) + 1. We conjecture that the desired
result in Corollary 2.1 still holds when G is a finite abelian group and
A = {a,(n,)}:—, is a D(G)-cover of Z.

(b) That (1.4) holds for any cover (1.2), follows from Corollary 2.1 in
the case G = {0}.

(c) If we apply Corollary 2.1 to the trivial group G = {0} and the trivial
cover {r(n)}:f;(} (where n [ZI"), then we get the basic result D(Z,)) = n
in zero-sum theory.

Corollary 2.2. Let {a,(n,)}*_; be an m-cover of Z and let my, ..., m; 1
Z. Assume thafii‘s a prime power (i.e., m = p” for some prime p and
n CN). Then _m,/n, [MZ for some (& | [T K], and in particular

— [mz" for some | C[OK]. (2.2)
slIlnS
Moreover, for any J [CJI1k] there is an | [JI1k] with I & J such that
el ey
s IIInS s Eﬂns

1
Proof. Just apply Theorem 2.1 withG={0}and a= _ ,m,/n,. [

Remark 2.2. Corollary 2.2 is a new extension of Zhang’s result that (1.4)
holds if (1.2) is a cover of Z. We conjecture that the corollary remains
valid if we remove the condition that m is a prime power. In the special
case Ny = - = ng = 1, this conjecture yields the basic fact D(Z,,) = m.

Theorem 2.1 also implies the following central result of this paper.
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Theorem 2.2. Let G be an abelian p-group, and let g > d(G) be a power
of p (e.g., 9 = |G|).

(i) Let A = {a,(n,)}_; with {w,(x) : x CZ} CJdHG) + q,2q]. Then
any 1 [CH(G) has a zero-sum subsequence {c }s—with | [1, K]
and _1/n,=q.

(i) Let A = {a,(n,)}*_, be an exact 3q-cover of Z. Then any zero-sum
sequence {cs}’gﬁH (G @) has a zero-sum subsequence {Cs}swith

I L0kl and [ 4/n,=q.

Proof. (i) By Theorem 2.1, { has a zero-sum subsequence {Cs}s
with (& | [CIIIK] satisfying  _ 41/n, [gZ. Observe that

NATT
wa(X) < 29.
=0

| 1

A

1 1 1
s|IInS s=1 Ns NA

1 1
If . 1/ns Bq, then _1/n, = 2q and w4(X) = 2q for all x .
When A is an exact 2g-cover of Z, for the system A+ {a,(n.)}"Z; we
still have {w4 (x) : x [Z} [TdHG)+q, 2q], hence {§s34= has a zero-sum
subsequence {cs}s rgwith [ I [Tk —1]and  31/ng =q. This
completes the proof of part (i).

(ii) Note that d{6 [CG) = 2dY(6G). As 3¢ — 1 > dYG Q) + q,
ArF {a,(n,)}Z1 is a (dXG CG) + q)-cover of Z. Applying Theorem 2.1
to the system A —ye find that {cil}jff_Ttl has a zero-sum subsa:.u_arice {Cs}srr
with (& | [CfIlk—1]andn= __}/n, [gZ. Asn< [_,1/n,=3q,

nisqor 2q. If n = 2q, then for I =[1,k]\ I we have

I 1 F 11 1 I
Ce = Cs — ¢, = 0 and
s s=1 s s

This concludes the proof. [

Remark 2.3. It is interesting to view 1/n, in Theorem 2.2 as a weight
of s [1,K]. In the case n; = --- = n; = 1, part (i) yields the EGZ
theorem for abelian p-groups, and part (ii) gives Lemma 3.2 of Alon and
Dubiner [AD], which is an indispensable lemma in the study of the Kemnitz
conjecture (cf. [Ro] and [Re]). Note that our Theorem 2.2(i) is quite
di Lerknt from the so-called weighted EGZ theorem proved by Grynkiewicz

[Gry].

Theorem 2.2 tells that our following conjecture holds when n is a prime
power.

Conjecture 2.1. Let G be a finite abelian group of order n.
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(i) If {a,(n,)}*_; covers each integer either exactly 2n — 1 times or
exactly 2n times, then any 1 [CH(G) has a zero-sum subsequence
{cs}srwith I L0 k] and _ 1/n,=n.

(ii) When ({as(n,)}*—, forms an exact 3n-cover of Z, any zero-sum
sequence {cs}’gﬁH (G @) has a zero-sum subsequence {Cs}swith
I L0kl and  _4/n,=n.

An undirected graph is said to be g-regular if all the vertices have degree
q. In 1984 Alon, Friedland and Kalai [AFK1, AFK2] proved that if q is
a prime power then any loopless (undirected) graph with average degree

bigger than 2g — 2 and maximum degree at most 2qg — 1 must contain a
g-regular subgraph. Now we apply Theorem 2.1 to strengthen this result.

Theorem 2.3. Let G be a loopless graph of | vertices with the edge set

{1,...,k}. Suppose that all the vertices of G have degree not exceeding
2p™ — 1 and that {a,(n,)}*_, forms an (I(p"™ — 1) + p”)-cover of Z, where
p is a prime and n,h [CN. Then, f mq,...,m; [, there exists

a p"-regular subgraph H of G with | ¢y Ms/N; [pfZ, where E(H)
denotes the edge set of H.

Proof. Let vq,...,Vv; be all the vertices of graph G. For s [[1,k] and
t ], 1], set

ds¢ = [Vv; is an endvertex of the edge s].

Note that E‘ést is just the degree dg(vy).

By Theoltei"lz'l in the case G = Zf,)nl_t_he[e is a nonempty | [ K]
such that —_ns/ns, CpiZ and p™ | 9 for all t C[1,1]. Let V;
be the set of vertices incli% with edges in I, and let H b(i—ti%pubgraph
(Vi 1) of graph G. As 1 9s < da(vy) <2p"—1,p" | 9 forall
t [IA,1] if and only if dg(v) = p™ for all v [V, (i.e., H is a p™-regular
subgraph of G). This concludes the proof. [

Remark 2.4. For the graph G in Theorem 2.3, clearly

1
k>1(p"—1)+1<2k>1(2p" —2) = da(v) = (2p" — 2)|V (G)|

v OVG)

where V (G) is the vertex set of graph G. So Theorem 2.3 in the case h =0
and n; = ... = n; =1 implies the Alon-Friedland-Kalai result.

3. A General Theorem and its Consequences

Let Q be the ring of all algebraic integers. For w;, w.,y [CQ, by w; =
w2 (Mmod y) we mean w; — w, [yD. For a,b,m CZit is well known that
a—b [CMQ if and only ifa—b [CMZ (see, e.g. [IR, p.68]). For m [Zland
a root Z of unity, if Z = 0 (mod m) then 1 = ™! = 0 (mod m) (since
¢~ X)) and hence m must be 1 or —1.
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Theorem 1.2 of zero-sum nature, Theorem 1.3(i) on covers of Z, and
our useful Theorem 2.1 are special cases of the following general theorem
(which is inevitably complicated since it unifies many results).

Theorem 3.1. Let G be an additive abelian p-group where p is a prime.
Suppose that A = {a,(n,)}:—; is a (dYG) + p" + A)-cover of Z with
h,A [CN. Let mq,...,m, [CZand c,cy,...,c Q. Let a belong to the
rational field Q, and set

L1

1
1 1
= | C[Ok]: c¢,=cand * Cal+p'zZ . (3.1)
s s 8

Let P(X1,...,X;) CQ[X1,...,X;] have degree not e@ing d " and

P([1 CI,...,[k CIJ) =Afor all I C[K] with  _ m./n, —a CA
Then, either we have the inequality

KP([L C1],... [k CI]) mod p: | [n}|>1+%, (3.2)

or [{I CO: P([1 C1,...,[k C10) CpZ}| £ 1 and furthermore

P
(_1)|I|e27rz srrfsMs/Ns = 0 (mOd p) (33)

Ju
pl|P([1CN... [k CID

Remark 3.1. (a) By taking P (X1,...,Xx) = 0 in Theorem 3.1, we get the
congruence o

(—1)Hle?™ sorgsms/ns = 0 (mod p)
111

under the conditions of Theorem 3.1. (Thus Theorem 2.1 follows from
Theorem 3.1.) In the case h = 0 and n; = -+ = ng = 1, this yields
Theorem 1.2 of Olson.

(b) When G is an elementary abelian p-group, and h =0 and d = 1,
Theorem 3.1 is equivalent to the first part of the Main Theorem in the
announcement [SO3b].

Corollary 3.1. Let {a,(n,)}*—, be an m-cover of Z. e, ., m L4
and let pq,..., M be IFﬁ'@pal numbers such that 4. 4 for all
those I [T, k] with @/ns 4. For wime p, if there is no
(& | CIIK] such that _ m./n, CZand 4, [P, then

Et' — [

Ms mod p: [CE 1 [C[1K] and Z

s 11 s 11

m. 3.4)

S



10 ZHI-WEI SUN

Pﬁgﬁl Apply Theorem 3.1 with G = {0}, h=a=0and P(Xg,...,Xg) =
=1 MsXs. O
Remark 3.2. (a) Under the conditions of Corollary 3.1, if pg,...,, are

positive theEb_y taking a prime p > g + -+ + g We 9 Ithat

U : CB 1 CJOk]and 21 B m;
s s ¢
in particular, — ol
Em: CE 1 C[Ok]and —iniis 21 B> m. (3.5)
s 8
Theorem 1.3(i) follows if we set p, = my,/ng fors=1,...,k.
(b) In the special case n; = -+ = ng = 1, Corollﬁg.l gives the

following result: If ¢1, —& [Z}, withpaprime,and ¢, =0 forno
CE | CIOK], then [{ ¢, : [2 1 CIOK]Y > k.
Corollary 3.2. Let {a,(n,)}*—, be an m-cover of Z. Given my,...,m; []

Z and J [[11k], we have

n, 2

]
>m. (3.6)

[
Cmd bl

Ns

| \". " |

s s ® s

Proof. L?lix, be the least common multiplﬁ_itIZ, Nq,...,Ng, Set _
I 10 1 I ]

1= | C[OK]: - >[4 and | = max s H

I L1K] -

Ng Ng
s s 11 s

where pus = asmgz/n, — 1/2. Choose a prime p > max{|1[, 21, N} and set
L —5/

P(X1,...,Xx) =N MsXs — Ms  CZX1, ..., Xg].
s=1 s 11

Since | < p/2,|for Il,llz [T K] V\‘e have I L :
N  w=N ps(modp) LTI ps= s
s 141 s 1ol s 141 s 1ol
Now assume that (3.6) fails. Then

I{P([1 C1,... [k C1]) mod p : I CIR < m.

Applying Theorem 3.1 with G = {0}, h=0and a = _mn./n,, we
then obtain that ——1 o

e2™  scrts =0 (mod p),

111
p|P([1LI... [k L)

i L1 P L
e, [{I CI: s = ,yHsHe?™ swats =0 (mod p), which is
impossible since p > |1]. This concludes our proof. [

Remark 3.3. Clearly Corollary 3.2 implies [S99, Theorem 1(i)].
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4. Proof of Theorem 3.1 and a
Characterization of m-Covers of Z

At first we introduce some notations. For a real number a, we let {a}

denote the fractional part of a. For a polynomial f(xa,...,Xx,) over the
field C of complex numbers, we use [x7* - - x*]f (X1, ..., X;) to represent
the coe Lcieht of the monomial x7* - - - x;* in f(X1,...,X;). Also, we fix a

finite system (1.2) of residue classes, and set I, = {1 <s < k: z [@l(ny)}
for z [Z1 Note that [I.| =w4(z) > m(A) for all z CZ1

Lemma 4.1. Let A = {a,(n,)};—; and let f (g , Xx) QX1 ..., X4]
with degf < m(A). Let my,... . mg LA [ X ]F (X1, .., X)) =0
for all z [Z1 then we have (6) =0 for any 0 < 8 < 1, where

| — =
P(®) = (—DYF([1 1O, ... , [k CI)e?™ scrfsms/ns,
p [ LLFK]
{ srrns/ns}=0

The converse holds when my,...,m; are relatively prime to ng,...,Nng
respectively.

Proof. Let EEI@ FI 1
S = — 1 CJOK] . 4.1)

n
sI1 %

By [SO7, Lemmal], for any z ["Zlwe have

 — | - -
e—27r129lp(e) — (—1)kC(|Z) e27rz(as—z)ms/ns -1, (42)
0 LS s=1
sl

L1

where c(1.) =[ o XsIF(Xa, ..., X).

Observe that we must have c(1,) =0 if ¢(0) =0forall 0 <6 <1 and
each my is relatively prime to n;,.
[Asgume that c¢(1,) = 0 for all z []4, a + |S| — 1] where a 4. Then

sisf "NAl(LTeNA%y(B)) = 0 for every n []0,|S| — 1]. Note that the
Vandermonde determinant |(~"4%)"|,, toys)—1;, o rsndoes not vanish. So
P(0) = 0 for each 6 If 0 <6 <1and 6 ISl then we obviously have
p(8) =0.

The proof is now complete. [

Remark 4.1. Let A = {a,(n,)}"_; and let S be the set given by (4.1) where
my, ..., M, [ are relatively prime to nq,..., N, respectively. Lety be
any integer with [I,| = w4(y) = m(A). By Lemmg-4-4 and jts-proof, for
any a [ZIthereisaz []d a+|S|—1]such that [ _ X] s [T Xs g0,
hence I, = 1. and z [YK[Nn,]s 1), where [ng]s z is the least common




12 ZHI-WEI SUN

multiple of those n, with s [I}. Therefore [S| > [n,], ;1 and we also get
the following local-global result of Sun [S95, S96, S04]: {a,(n:)}:~, forms
an m-cover of Z if it covers |S| consecutive integers at least m times. In
the case m = 1, this local-global principle was conjectured by Erdds with
|S| replaced by 2% (cf. [CV]). The reference [S05b] contains a local-global
theorem of another type.

Now we use Lemma 4.1 to characterize m-covers of Z.

Theorem 4.1. Let m 4", and let Py(X),...,P,,—1(x) [Q[x] have
degrees 0, ..., m—1 respectively. Let mq,...,m, CZand Hg,...,H CC.
If A ={a,(n,)}~, forms an m-cover of Z, then we have

P
(DYIP, p, @7 smdme/i =0 (4.3)
p [HLK] s
{ sEljnS/nS}:e
for all 0 < 6 <1 and n [J0,m— 1]. The converse holds provided that

my, ..., M, are relatively prime to ny, ..., ng respectively, and ug, ..., M
are all nonzero.

Proof. For n [0, m — 1] set f,(Xy,...,Xx) = Po( —j HsXs). IF A=
{“)}8 1 Is an m-cover of Z, then degf,, < m < m(A) and hence

[ somXslfn(Xe, ..., xx) =0 for all z CAsince [1.| =wa(z) > m, there-
fore (4.3) holds for any 0 < 8 < 1 in view of Lemma 4.1.
Now assume that my, ..., m; are relatively prime to nq,..., N, respec-

tively and that p; - - -4, B 0. Suppose that m(A) = n [CJd,m —1]. Then
there is a z [4 such that [I,|] = wa(z) = n. Iﬁ—|(4.3) holds for all
0 <6 <1 by Lemma 4.1 the coe Lcieht ¢ == [ Xs]fn(X1, ..., Xk)
vanishes. On the other hand,

N =L g
c= Xs Py HsXs = [X"]Pn(X) * Xs HsXs
s 11 s=1 s 11 s=1
n! 1
=[x"]P,(x) * 5= s E 0.
s= 1|[ Eg]] s 11

This contradiction concludes our proof. [

C1]
Remark 4.2. In the case us = m,/n, (1 <s<k)and P,(x) = 7 (n [
[0, m — 1]), Theorem 4.1 is equivalent to a characterization of m-covers of
Z obtained by the author [S95, S96] via an analytic method.

Let a be an integer and let p be a prime. Fermat’s little theorem tells
that we can characterize whether p divides a as follows:

Ipla]=1—a”"t (mod p).
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To handle general abelian p-groups in a similar way, we need to character-
ize whether a given power of p divides a. Thus, our following lemma is of
technical importance. (It appeared even in the first version of this paper
posted as arXiv:math/NT/0305369 on May 24, 2003.)

Lemma 4.2. Let p be a prime, and let h [Nland a [Zl Then we have
the following congruence

fal
on—1 =IP"1al (modp). (4.4)

Proof. (4.4) is trivial if h = 0. Below we let h > 0.
Write a = p"q + r where q,r CNland r < p". For j 1, p" — 1], if we
write j = pMig; where h; [N, q; CZI* and p [4;, then 0 < h; < h and

phqxj _ p"Mqxq; _

Ej  phxq (mod p).
Thus, when r = 0 we have
1 Dph‘% i
a=1 _ JEl(modp).

h — - h —
-1 P
In the case 0 < r < p* — 1,

a—1 _ Cpig+j prq " Fplg—j _plq _
i r

= : = 0 (mod p).
-1 r =1 PP

Therefore (4.4) holds. [
Proof of Theorem 3.1. Write

{P(1 C1Q,..., [k CI}) modp: | LI} ={rmod p: r (R}
with R []a,p— 1]. If 0 IR, then (3.3) holds trivially. So we assume
0 R from now on.

Suppose that G £, [} [Z)n, where hy,...,h; CN. (When
|G| = 1 we have G £2lo.) We can identify ¢ G with a vector

(c® mod p™,...,c® mod p™),
and identify ¢, (s [, k]) with a vector

(¢ mod p™,...,c® mod p™),
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where ¢® and c{” are integers for t=1,... 1.
Let 6 = {a} and

f(X]_,...,Xk): s=1 Shs
o e -
P mx/n,—a—1 L1
x ph—l (P(X1,...,Xg)—r).

r CRM{0}

L1
For any I I k] with { _ ,m./n,} =6, by Lemma 4.2 we have

L1
f([1 Coj,.... [k tI) =0 . (P([r C11,... [k CI1) — 1)

r CRM{0}

=[I CO&p|P([1 C1,...,[k CIPIC (mod p),

L1
where C = le_;L,l{o}(—r) £ 0 (mod p). Thus

L 1 =
0= (D)L OO, ... [k CIJ)e®™ srrfsms/ns

p [ OLK]
{ sDﬂnS/nS}ze

is congruent to the left-hand side of (3.3) times C [ZI\ pZ modulo p.
Suppose that (3.2) fails. Then

1
degf < (p"—1)+p"—1+(RI-1)d <dXG)+p" —1+A<m(A),
t=1

and hence 0 = 0 in light of Lemma 4.1. Therefore (3.3) holds. We are
done. [
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